Integral Representation for L-functions for GSp4 x GL2 

Ameya PitaleQ, Ralf SchmidlH 

Abstract. Let tt be a cuspidal, automorphic representation of GSp4 attached 
to a Siegel modular form of degree 2. We refine the method of Furusawa [5] 
to obtain an integral representation for the degree-8 L-function L{s,tt x r), 
where r runs through certain cuspidal, automorphic representation of GL2 . Our 
calculations include the case of square-free level for the p-adic components of t, 
and a wide class of archimedean types including Maafi forms. As an application 
we obtain a special value result for L(s, tt x r). 

00 ' 1 Introduction 

o 
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^SJ . Let TT = (gJTTy and r — ®Ti, be irreducible, cuspidal, automorphic representations of GSp4(A) and GL2(A), 

respectively. Here, A is the ring of adeles of a number field F. We want to investigate the degree eight twisted 
L-functions L(s,tt x r) of tt and t, which are important for a number of reasons. For example, when n and 
T are obtained from holomorphic modular forms, then Deligne 7 has conjectured that a finite set of special 

^^ , values of L{s,7t x t) are algebraic up to certain period integrals. Another very important application is the 

' conjectured Langlands functorial transfer of tt to an automorphic representation of GL4(A). One approach 

to obtain the transfer to GL4(A) is to use the converse theorem due to Cogdell and Piatetski-Shapiro [6], 

^H ' which requires precise information about the L-functions L{s,7t x t) 

^: 

^i , In the special case that tt is generic, Asgari and Shahidi [2J have been successful in obtaining the above 

i-G ' transfer using the converse theorem. They analyze the twisted L-functions using the Langlands-Shahidi 

C^ , method. In this method, one has to consider a larger group in which GSp4 is embedded and then use the 

representation vr to construct an Eisenstein series on the larger group. Then the L-functions arc obtained in 

the constant and non-constant terms of the Eisenstein series. Unfortunately, this method only works when 

TT is generic. It is known that if vr is obtained from a holomorphic Siegel modular form then it is not generic. 

^ I Another method to understand L-functions is via integral representations. For this method one con- 



(N 
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structs an integral that is Eulerian, i.e., one that can be written as an infinite product of local integrals, 

Z{s) — Ylu^i'i^)- Then the local integrals are computed to obtain the local L-functions. In many of the 

rf^ ■ constructions, the local calculations are done only when all the local data is unramified. This gives informa- 

I ' I tion about the partial L-functions, which already leads to remarkable applications. The calculations for the 

f— ^ ■ ramified data are unfortunately often very involved and not available in the literature. (For more on integral 

00 ' representations of L-functions, see [H], [13], [21] •) 

o' 



In the GSp4 x GL2 case, Novodvorsky, Piatetski-Shapiro and Soudry (see [18], [20], [22]) were the first ones 
to construct integral representations for L(s,7r x r). Their constructions were for the special case when 
^^ , TT is either generic or has a special Bessel model. Examples of Siegel modular forms which do not have 

^ '_ a special Bessel model have been constructed by Schulze-Pillot [3^. The first construction of an integral 

representation for L(s, tt x r) with no restriction on the Bessel model of tt is the work of Furusawa [5] . In this 
remarkable paper, Furusawa embeds GSp4 in a unitary group GU(2, 2) and constructs an Eisenstein series 
on GU(2, 2) using the GL2 representation r. He then integrates the Eisenstein series against a vector in tt. 
He shows that this integral is Eulerian and, when the local data is unramified, he computes the local integral 
to obtain the local L-function L{s,tt^ x t^) up to a normalizing factor. He also calculates the archimedean 
integral for the case that both vr and r are holomorphic of the same weight. Thus, Furusawa obtains an 
integral representation for the completed L-function L(s, tt x r) in the case when tt and r are obtained from 
holomorphic modular forms of full level and same weight. He uses this to obtain a special value result, which 
fits into the context of Deligne's conjectures, and to prove meromorphic continuation and functional equation 
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for the i-function. The main hmitation of 9 is that, if we fix a Siegel modular form, then the results allow 
us to obtain information on a very small family of twists only, namely those coming from elliptic modular 
forms of full level and the same weight as the Siegel modular form, which is a finite dimensional vector space. 

For the applications that we discussed above, we need twists of n by all representations r of GL2, i.e., twists 
by all GL2 modular forms, holomorphic or non-holomorphic, of arbitrary weight and level. For this purpose, 
one needs to compute the non-archimedean local integral obtained in [3] when the local representation t^ is 
ramified. Also, one needs to extend Furusawa's archimedean calculation to include more general archimedean 
representations . 

In this paper, we will compute the local non-archimedean integral from 9J in a mildly ramified case, namely 
when T^ is an unramified twist of the Steinberg representation. We will also compute the archimedean 
integral for a larger family of archimedean representations Tqo . 

Before we state the results of this paper, let us recall the integral representation of f5] in some more detail. 
Let L be a quadratic extension of the number field F, and let GU(2, 2) be the unitary group defined using the 
field L. Let P be the standard maximal parabolic subgroup of the unitary group GU(2, 2) with a non-abelian 
radical. Given an irreducible, admissible representation r of GL2(A) and suitable characters x ^^'^ Xo of A^ , 
one considers an induced representation I{s,XjXOit) from P to GU(2,2), where s is a complex parameter. 
Let f{g, s) be an analytic family in /(s, x, xoj ''')■ Define an Eisenstein series on GU(2, 2) by the formula 

E{g,s)^E{g,s:f)^ ^ fhg,s), g e GU(2, 2)(A). 

7eP(F)\GU(2,2)(F) 

For an automorphic form (f> in the space of tt, consider the integral 

Z(,s) = Z(,s, /, 0) = J E{h,s;mh)dh. (1) 

Z(A)GSp4(i=^)\GSp4(A) 

In [9j, Furusawa has shown that these integrals have the following two important properties. 

i) There is a "basic identity" 

Zis)= J Wf{rjh,s)B^ih)dh, (2) 

i?.(A)\GSp4(A) 

where R C GSp(4) is a Bessel subgroup of the Siegel parabolic subgroup, 77 is a certain fixed element, 
Bj, corresponds to (p in the Bessel model for tt, and Wf is a function on GU(2, 2) obtained from the 
Whittaker model of r and depending on the section / used to define the Eisenstein series. 

ii) Z{s) is Eulerian, i.e., 

Zis)=llz,{s)=l[ J W,{'nh,s)B,{h)dh. (3) 

" fl(F„)\GSp4(F,.) 

In Theorem l3.9. II below we show that if t^ is mildly ramified then the local integral can be computed to give 
L{is + :j, TTy X f^) up to a normalizing factor. 

Theorem 1. Let F^ be a non-archimedean local field with characteristic zero. Let "k^ he an unramified, irre- 
ducible, admissible representation ofGSp^{F^). Let r^ be an unramified twist of the Steinberg representation. 
Then we can make a choice of vectors W^, and B^, such that the local integral in Q) is given by 

z,(,) ^ g(g--;) (1 _ (M,-iA L{is + i, ^. X f.) 



{q + l){q^-l)\ Vpy^ yL(3s + l,r, x^(A,)x(x.|^_x))- 

Here, q is the cardinality of the residue class field of F^, A^ is the Bessel character on L^ used to define the 
Bessel model B^, and AI{A,y) is the representation o/GL2(i^y) obtained from A^, by automorphic induction. 



We point out that the ramified calculation is not a trivial generalization of the unramified calculation in ^ . 
There are two main steps. First is the choice of the vector Wi, - for several obvious choices Z^{s) evaluates 
to zero. This choice depends crucially on the underlying number theory. Secondly, the actual computation 
of the local integral is complicated and depends heavily on the structure theory of the groups involved. We 
will explain this in detail in Sect. [31 

In Theorem 14.4. 11 we compute the local archimedean integral in the following cases: 

i) TToo is the holomorphic discrete series representation of GSp4(M) with trivial central character and 
Harish-Chandra parameter (Z — 1,^ — 2). 

ii) Too is either a principal series representation of GL2(M) whose iiT- types have the same parity as I or 
is a holomorphic discrete series representation of GL2(M) with lowest weight I2 satisfying I2 < I and 
I2 = I (mod 2). 

This extends the calculations in 'W., where Tqo is only allowed to be a holomorphic discrete series represen- 
tation with lowest weight I. 

Putting together the local computations we get the following global result in Theorem l5.3.1l 

Theorem 2. Let ^ be a cuspidal Siegel eigenform of weight I with respect to Sp4(Z). Let N be a square-free, 
positive integer. Let f be a cuspidal Maafl eigenform of weight ^i € Z with respect to To{N). Lf (the adelic 
function corresponding to) f lies in a holomorphic discrete series representation with lowest weight I2, then 
assume that I2 < I. Let 7r$ and Tj be the corresponding cuspidal automorphic representations o/GSp4(Aq) 
and GL2(Aq), respectively. Then a choice of local vectors can be made such that the global integral Z{s) 
defined in (QJ) is given by 

71 -, £(3s + ^,7rj, XT/) 

^(•^^ = "-"^C(6s + l)L(3.+ l,r/X^(A))' ^'^ 

where Kqo ond kn are obtained from the local computations. 

Note that the above theorem still gives information on the twisted L-functions for a smaller family of 
representations r than is required for the application of the converse theorem mentioned earlier. For a 
general representation r the local calculations are conceptually the same but the calculations are much more 
complicated. This is work in progress and will be a subject of a future paper. 

Using ([U, we get the following special value result in Theorem 15.4.41 

Theorem 3. Let ^ be a cuspidal Siegel eigen-form of weight I with respect to Sp4(Z). Let N be a square-free, 
positive integer. Let "^ be a holomorphic, cuspidal Hecke eigen-form of weight I with respect to Fq {N) . Then 

L(4 - l,7r$ X Tq,) _ 



n$,$)2(*,*) 



Note that in [5], using a completely different method, special value results, in the spirit of Deligne's con- 
jectures, were proven under the assumption that ^ is a cusp form with respect to SL(2,Z) with weight 
k < 21 — 2, where I is the weight of the Siegel modular form <i>. Since the results of [3] cannot be applied to 
modular forms with respect to congruence subgroups, there is no overlap of 3] with this paper. 

This paper is organized as follows. In Sect. [2] we make the basic definitions and describe the setup for the 
local integrals from ^ for a non-archimedean local field F of characteristic zero or F = M. We use the fact 
that the basic local setup is uniform and can be stated in full generality. The main input of the local integrals 
are the choices of the functions W and B from ^. In Sects. [3] and U] we consider the non-archimedean and 
archimedean case, respectively. We make the choice of the appropriate functions W and B and compute the 
local integrals. In Sect. [5l we consider the global situation corresponding to modular forms on GSp4 and 
GL2. We use the local calculations from Sects. [3] and |4] to obtain an integral representation for the global 
L-function. Finally, in Sect. 15.41 we use the global theorem to obtain a special values result. 



2 General setup 

In this section, we give the basic definitions and set up the data required to compute the local integrals. Let 
i^ be a non-archimedean local field of characteristic zero, or F = R. We fix three elements a,b,c G F such 
that d:=b'^ - Aac ^ 0. Let 

( F{Vd) iidiF'^^, 
F®F ifdeF^2_ 



L 



(5) 



In case L ^ F Q) F, we consider F diagonally embedded. If L is a field, we denote by x the Galois conjugate 
of a; e L over F. li L — F (B F, let {x, y) = {y, x). In any case we let N{x) = xx and tr(x) — x + x. 



2.1 The unitary group 

We define the symplectic and unitary similitude groups by 

H{F) = GSp4(f ) := {g G GL4(F) : 'gjg = ti{g)J, ^l{g) e F""}, 
G{F) = GU(2, 2; L) :- {g e GL4(L) : 'gJg - ^i{g)J, fiig) G F><}, 

Note that H{F) — G{F) n GL4(F). As a minimal parabolic subgroup wc choose 

the subgroup of all matrices that become upper triangular after switching the last two rows and last two 
columns. Let P be the standard maximal parabolic subgroup of G{F) with a non-abelian unipotent radical. 
Let P = MN be the Levi decomposition of P. We have M = M^^^M^^), where 



where J 



I2 



m(i)(f) = { 



M(2)(f) = { 



N{F) = { 
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c"-^ 
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Cei^}, 



e G(F)}, 
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eF, y,ze L}. 



(6) 



(7) 



(8) 



For a matrix in ]VF'^>{F) as the one above, the unitary conditions are equivalent to fi — jl (i.e., /i G F^), 
fi — a6 — (3j, (57 = 7a and S(3 — f36. In addition, we have af3 — /3a, Sj ~ 7(5, aS ~ Sa, jf3 — (3j. Hence the 
following holds. 

2.1.1 Lemma. Let 
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a 


(3 


1 


5 



he an element of M^'^\F), as above. Then the quotient of any two entries of the matrix 



a (3 
7 S 



if defined, 



Ues in F. Hence, if A is any invertible entry of 



a/3' 
7 6 



a 13' 

7 6 

= A 



, then 

a/A /3/A 
7/A S/X 



eGh2{F) 



Consequently, the map 



L"" X GL2(F) — > M^^\f) 

"l 

a P 



(A, 



7 5 



Xa A/3 

N{X){aS - (3j) 
A7 XS 



is surjective with kernel {(A, A ^) : A G F^}. 



The modular factor of the parabohc P is given by 
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where I • I is the normahzed absolute value on F. 



2.2 The Bessel subgroup 



)^\N{Q)^Ji-'\' {p^a6-Pj), 



(9) 



(10) 



Recall that we fixed three elements a,b,c G F such that d ^ b^ — Aac 7^ 0. Let 



S 



e 



-6 



Then F{^) = F + F^ is a two-dimensional F-algebra isomorphic to L. li L = F{-/d) is a field, then an 
isomorphism is given by a; + y^ h^ x + J/ 2 • ^^ ^ ~ F (B F, then an isomorphism is given by a; + y(, h^ 
{x + y^, X — y^)- The determinant map on -F(^) corresponds to the norm map on L. Let 

T{F) = {g e GL2(F) : 'gSg - det(.g)5}. 

One can check that T{F) = F{^)^ . Note that T{F) = L^ via the isomorphism F(^) = L. We consider 
r(i^) a subgroup of H{F) = GSp4(F) via 



T{F) 3 g I 



det(5)' 



e H{F). 



Let 



C/(^) = { 



l2^ 
I2 



e GSp4(i^) : *X = X} 



and i?(i^) = T{F)U{F). We call i?(F) the 5esse/ subgroup of GSp4(i^) (with respect to the given data 
a, 6, c). Let '0 be any non-trivial character F -^ C^ . Let 9 : U{F) -^ C^ be the character given by 



Oi 



IX 

1 



Explicitly, 



Oi 



1 X y 

1 y z 
1 
1 



ij{tT{SX)). 



) — iplax + by + cz). 



(11) 



(12) 



We have 6{t ^ut) — 9{u) for all u e U{F) and t E T{F). Hence, if A is any character of T{F), then the map 
tu 1-^ A{t)9{u) defines a character of R{F). We denote this character by A(E) 9. 



2.3 Parabolic induction from P{F) to G{F) 



Let {T,Vr) be an irreducible, admissible representation of GL2(i^), and let xo be a character of L^ such 
that Xo px coincides with ujr, the central character of t. Then the representation {X,g) i— > Xo(A)T(f;) of 
i^ xGL2(F) factors through {(A, A"^) : Ae F^}. and consequently, by Lemina l2.1.1l defines a representation 
of M*^^)(F) on the same space Vr- Let us denote this representation by xo x '''• Every irreducible, admissible 
representation of M(^^(F) is of this form. If V^ is a space of functions on GL2(i^) on which GL2(F) acts by 
right translation, then xo ^ t can be realized as a space of functions on M(^^(F) on which M'^'^\F) acts by 
right translation. This is accomplished by extending every W &Vr io a. function on Af(^'(F) via 



W{\g) = Xo(A)W^(.9), A e L^ 5 e GL2(^). 



(13) 



If Vr is the Whittaker model of r with respect to the character V', then the extended functions W satisiy 
the transformation property 



W{ 



1 



g)^^{x)W{g), x€F, g € M^^Hf). 



(14) 



If s is a complex parameter, x is any character oi L^ , and xo x "J" is a representation of M^^^ (F) as above, we 
denote by /(s, x, XOi t) the representation of G{F) obtained by parabolic induction from the representation 
of P{F) = M{F)N{F) given on the Levi part by 



C 



Aa A/3 

N{X){a5- p-f) 
A7 \5 



|7V(CA-i)(a5~/37)-T'x(C)xo(A)r( 



a/3' 
7 5 



Explicitly, the space of /(s, x, Xo, "J") consists of functions / : G{F) -^ Vr with the transformation property 



/( 



c 



Aa A/3 

N{X){a5- p-f) 
A7 A(5 



5) 



|7V(CA-i)(a<5 - /?7)''r^'^^^x(C)xo(A)r( 



a/3 
7 (5 



)/(5). 



(15) 



Now assume that Vr is the Whittaker model of r with respect to the character ip of F. If we associate to each 
/ as above the function on G{F) given by Wf{g) — /(.g)(l), then we obtain another model of /(s, x, X07 t) 
consisting of functions W^ : G{F) -^ C. These functions satisfy 



W*{ 



C 



and 



W*i 



1 z 
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NiX) 



g) = \N{CX-')f^+'^h{Ox^{X)W*{g), 



C,AeL> 
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g)^ij{x)W*ig), w,x& F, y,ze L. 



(16) 



(17) 



The following lemma gives a transformation property of W^ under the action of the elements of the Bessel 
subgroup R{F). 



2.3.1 Lemma. Let {T,Vr) be a generic, irreducible, admissible representation of GL2(F). We assume that 
Vr is the Whittaker model of t with respect to the non-trivial character ip~'^{x) — ip{—cx) of F. Let x 9,nd 
Xo be characters of L^ such that Xo\px = ^r- Let W'^{ • , s) : G{F) ^ C be a function in the above model 
of the induced representation I{s,XiXOit)j where s is a complex parameter. Let 9 be the character ofU{F) 
defined in ifTI]) . Let A be the character of L^ = T{F) given by 



Let 
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a 



1 
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—a 









1 



A(C)=x(Cr'xo(C)-^ (18) 

b + Vd 



where a := < ^ ^ r- (19) 

^ '6 + Vd h-^fd\ 

2c ' 2c 



if L is a field, 

ifL^F®F. 



Then 



W*{T]tuh, s) ^ A{t)-^e{u)-^W*{r]h, s) (20) 

for t € T{F), u e U{F) and h G G{F). 

Proof. If L is a field, then the proof is word for word the same as on p. 197/198 of [9]. The case L — F (B F 
requires the only modification that the element (^ — x + fvrf is to be replaced by C = .t + |(v«, —V")- ■ 

2.4 The local integral 

Let (tt, Vtt) be an irreducible, admissible representation of H{F) = GSp4(F). Let the Bessel subgroup R{F) 
be as defined in Section [2T2l it depends on the given data a,b,c ^ F. We assume that V^r is a Bessel model 
for TT with respect to the character A (g) of R{F). Hence, V^ consists of functions B : H{F) -^ C satisfying 
the Bessel transformation property 

B{tuh) = A{t)e{u)B{h) for t e T{F), u e U{F), h e H{F). 

Let (r, Vr) he a, generic, irreducible, admissible representation of GL2(F) such that Vr is the T/'^'^-Whittaker 
model of r (we assume c 7^ 0). Let xo be a character of L^ such that Xo| px = ^t- Let x be the character of 
L^ for which (fT5|l holds. Let W^( ■ ,s) be an element of /(s, x, Xo, ''') for which the restriction of W'^{ ■ , s) 
to the standard maximal compact subgroup of G{F) (see below for more details) is independent of s, 
i.e., Vl^*(-,s) is a "section" of the family of induced representations I{s,x,Xo,''')- By Lemma [2.3.11 it is 
meaningful to consider the integral 

Z(s)= f W*{r]h,s)B{h)dh. (21) 

R{F)\H(F) 

In the following we shall compute these integrals for certain choices of W^ and B. We shall only consider 
GSp4(i^) representations tt that are relevant for the global application to Siegel modular forms we have 
in mind. In the real case we shall assume that tt is a holomorphic discrete series representation and that 
B corresponds to the lowest weight vector. In the p-adic case we shall assume that tt is an unramified 
representation and that B corresponds to the spherical vector. 

The generic GL2(i^) representation t, however, will be only mildly restricted in the real case, and, in the 
p-adic case, will be a Steinberg representation twisted by an unramified character. In the real case, the 
function W^ will be constructed from a certain vector of the "correct" weight in Vr- In the p-adic case, the 
function W^ will be constructed from the local newform in Vr- 

In each case our calculations will show that the integral ([21]) converges absolutely for Re(s) large enough 
and has meromorphic continuation to all of C Our choice of W^ will be such that Z{s) is closely related to 
the local L-factor L{s,tt x r). 



Note that the integral ([^T]) has been calculated in [^ for tt and r both holomorphic discrete series repre- 
sentations with related lowest weights in the real case and n and t both unramified representations in the 
p-adic case. 

3 Local non-archimedean ramified theory 

In this section, we evaluate (1211) in the non-archimedean setting. The key steps are the choices of the vector 
W'^ and the actual computation of the integral Z(s). 

3.1 Setup 

Let i^ be a non-archimedean local field of characteristic zero. Let o, p, zu, q he the ring of integers, prime 
ideal, uniformizer and cardinality of the residue class field o/p, respectively. Recall that we fix three elements 
a,b,c G F such that d := b^ — Aac ^ 0. Let L be as in ([5]). We shall make the following assumptions: 

(Al) a, 6 e and c e o^ . 

(A2) If d ^ F^^, then d is the generator of the discriminant of L/F. li d £ F^^, then d G o^ . 



Remark: In 'W, p. 198], Furusawa makes a stronger assumption on a,b,c, namely, 



e Ahio). 



a 5/2 
6/2 c 

However, it is necessary to make the weaker assumption a,b,c d o for the global integral calculation (4.5) 
in [9l p. 210] to be vaHd for D = 3 (mod 4). (This is because the matrix S{—D) on p. 208 is not in M2(o2) 
for D = 3 (mod 4).) One can check that the non-archimedean unramified calculation in [Hj is valid with the 
weaker assumption a,b,c £ o. Hence, the global result of [5] is still valid but the assumptions (Al) and (A2) 
above are the correct ones. 

We set the Legendre symbol as follows, 

^ ( —1, iid^F^'^,d^p (the inert case), 

(-) := < 0, if rf ^ F""^, dep (the ramified case), (22) 

'^ [ 1, ifrfeF><2 (the split case). 

If L is a field, then let Ol be its ring of integers. If L = F © F, then let Ol = o © o. Note that a: G Ol if and 
only if N(x), tr(x) go. If L is a field then we have x G o^ if and only if N{x) G o^ . If L is not a field then 
X G Ol,N{x) G 0^ implies that a; G o^ = o^ © o^. Let wl be the uniformizer of Ol if L is a field and set 
wl = (^7, 1) if L is not a field. Note that, if (■^) ^ —1, then N{vjl) G tno^ . Let 

-b+Vd 

it L IS a held, 

^^'■=< l n u n (23) 



and 



6Wd 
2c 
b+ Vd b- Vd 



2c ' 2c 



if i is a field, 
if L= F © F. 



(24) 



We fix the following ideal in Ol, 



PL if (f ) = -1, 

^:=P0L='{ Pi if(f)=0, (25) 

D©p if(f)-l. 



Here, pL is the maximal ideal of Ol when L is a field extension. Note that *P is prime only if ( j) = —1. We 
have ^" n = p" for all n > 0. We now state a number-theoretic lemma which will be crucial in Section [3771 

3.1.1 Lemma. Let notations be as above. 

i) The elements 1 and ^q constitute an integral basis ofL/F (i.e., a basis of the free o-module Ol). The 
elements 1 and a also constitute an integral basis of L/F. 

a) There exists no x G o such that a + x G ^■ 

Proof, i) Since c e o^ and b E o, the second assertion of i) follows from the first one. To prove the first 
assertion, first note that ^o satisfies fg + ^ob + ac = 0, and therefore belongs to Ol- Since the claim is easily 
verified ii L — F (B F, we will assume that L is a field. Let A, B G F he such that 1 and fi := A + B\/d is 
an integral basis of L/F. Then 



det( 



Ui 



Y = AB^d 



generates the discriminant of L/F. Since d also generates the discriminant by assumption {A2), it follows 
that 2B e 0^. Dividing ^i by this unit, we may assume S^i = A+ \\d for some A G F. Now let us represent 
^0 in this integral basis, 

£,o^x + yS,i, x,yeoF, 



I.e., 



Vd 



x + y{A+-Vd). 



X. We may modify ^i by adding the integral element x 



Comparing coefficients, we get y = 1 and A — ^ 

and still obtain an integral basis. But ^i + a; = ^Oj £^nd the assertion follows. 

ii) Let X C Ol/*P be the image of the injection 

o/p -^ ol/V. 

Note that the field on the left hand side has q elements, and the ring on the right hand side has q^ elements, 
for any value of (■^). Our claim is equivalent to the statement that a, the image of a in Ol/^, does not lie 
in the subring X of Oi,/*p. Assume that a G X. By i), any element z G Ol can be (uniquely) written as 

z = xa + y, x,y £ 0. 

Applying the projection to Oi/^, it follows that z = xa + y G X . This is a contradiction, since z runs 
through all elements of Ol/^P, but X is a proper subset. ■ 



Note that, via the identification T{F) = L^ described in Sect. 
', . Therefore, bv Lemma IT. 1.1 1 i). 



the element ^o corresponds to the matrix 



x yc 
-ya x — yb 



E,y e o}. 



Ol = ® 0.^0 = { 

Since c is assumed to be a unit, it follows that 

Ol = T{F) n Ahio) and o^ = T{F) n GL2(o). 



(26) 



(27) 



3.2 The spherical Bessel function 

Let (tt, V^tt) be an unramified, irreducible, admissible representation of GSp4(F). Then tt can be realized as 
the unramified constituent of an induced representation of the form Xi ^ X2 >^ f, where xi, xi ^'^^ "" ^'^^ 
unramified characters of i^^; here, we used the notation of [24J for parabolic induction. Let 



v(2) 



v(3) 



v(4) 



7' ' = X1X20-, 7' ' = Xicr, 7^ ' = cr, 7^ ' = X2<y- 

Then 7(^^)7(2) — --^(2)^(4) jg ^j-^g central character of tt. The numbers 7(-'^)(n7), . . . ,7'^^^(n7) are the Satake 
parameters of tt. The degree-4 L-factor of tt is given by 0^=1(1 ~ 7*-*^(tJ7)g~*)~^. 

Let A be any character of T(F^ ~ i^ . We assume that K- is the Bessel model with respect to the character 
A (8) 6* of R(F)\ see Sect. [221 Let i? £ V;^ be a spherical vector. By [28], Proposition 2-5, we have B{\) ^ 0. 
It follows from B(X) 7^ and (|27p that necessarily A I x = 1- For l,m £ Z let 



/i(/, m) 



^2m+l 



m+l 



Then, as in (3.4.2) of [S], 



^(^) = U U ^(^)'i('' "^)^''' K" = GSp4(o). 



(28) 



(29) 



ieZm>0 



The double cosets on the right hand side are pairwise disjoint. Since B transforms on the left under R{F) 
by the character A (g) ^ and is right ii'^-invariant, it follows that B is determined by the values B{h{l, m)). 
By Lemma (3.4.4) of [1] we have B{h{l, m)) = for Z < 0, so that B is determined by the values B{h{l, m)) 
for I, m > 0. 

In |28| . 2-4, Sugano has given a formula for B{h{l, m)) in terms of a generating function. It turns out that 
for our purposes we only require the values B{h{l, 0)). In this special case Sugano's formula reads 



Y,B{h{l,Q)) 



y 



l>0 



Qiy) 



where 



1=1 
and where A2, A4, A^ are given in the following table. Set H{y) = 1 — A^y — ^2^4?/^ 



(30) 



(31) 





(f) = -l 


(f) = o 


(i)-l 


A2 


q-^K{zuF) 


q-'^K{wF) 


q-^A{mF) 


A4 


q-' 





-q-^ 


A5 





q-^K^L) 


q-'^{K{wL)+K{wFWl^)) 


H{y) 


1 - q-^k{vjF)y^ 


1 - q-^A{mL)y 


1 - q-'^{k{wL) + A{zuFml^))y 
+q-^A{rUF)y^ 



3.3 The local compact subgroup 

We define congruence subgroups of GL2(F), as follows. For n = let K^^''{p'^) = GL2(o). For n > let 



if(i)(p»)===GL2(F)n 



0" 

p" 1 + p" 



(32) 
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The following result is well known (see [S], [5]). 

3.3.1 Theorem. Let (r, V) be a generic, irreducible, admissible representation of GL2{F) . Then the spaces 

V{n) :^{v(zV : T{g)v = v for ah g e K'-^\p'')} 
are non-zero for n large enough. If n is minimal with V{n) ^ 0, then dini(V^(r7,)) = 1. 

If n is minimal such that V{n) ^ 0, then p" is called the conductor of t. In this section we shall define a 
family ii''^(*P"), n > 0, of compact-open subgroups of G{F), the relevance of which is as follows. Recall that 
our goal is to evaluate integrals of the form 



Z(s) = f W*{r]h,s)B{h)dh, 



(33) 



R{F)\H{F) 



where W'^{ • , s) is a section in a family of induced representations I{s, x, XO: ''")■ The choice of the function 
VF'^(-,s) is crucial for our purposes. We will define it in such a way that W'^{-,s) is supported on 
M{F)N{F)K*{^"-), where p" is the conductor of the GL2(i^) representation r. 

Recall that ^ = pOL- For n = we let A'^(*p*') — G{F) n GL4(ol) be the standard maximal compact 
subgroup of G{F). For n > we define 



K*{^-):^{geG{F): ti{g) = 1} n 



Ol 1 + *P" Ol Ol 

*P" *P" 1 + «P" Ol 

qjn <nn qjn I I mri 



(34) 



and 



if#(*P") = Afep")x{diag(l,M,/i,l): fieo^}. (35) 

The GL2 congruence subgroup ii'(^^(p") defined above can be embedded into Ar'^(*P") in the following way, 



a(3 
7 S 



a/fi P 




1 




7/m S_ 





where ^ = aS — (3^ . 



(36) 



Important for us will be the intersection 




K*{f') ■=H{F)r\K*{^") 




= 


"1 + p" p" 
1 + p" 
p" p" 1 + p" 
p" p" p" 







1 + 



fieo' 



(37) 



Note that H{F) D A:#(<P") ^ K" D K*{^"), where K"^ = GSp4(o) is the maximal compact subgroup of 
H{F). It follows from Lemma [2.1.11 that the map 



0^ X GL2(o) — > M'^^^F) n GL4(ol) 
"1 



(38) 



(A, 



a/3' 
7 S 



Xa A/3 

N{c){aS - (3"f) 
A7 XS 



is surjective with kernel {(A, A ^) : A G Op}. For n > this map induces a surjection 

(i + <p") X a:(i)(p") — >M^^\F)nK*{^") 
with kernel {(A, A^^) : A G 1 + *P"}. 



(39) 
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3.4 The function W* 

We shall now define the specific function W'^{ ■ , s) for which we shall evaluate the integral ([551) . Let (r, Vr) 
be a generic, irreducible, admissible representation of GL2(i^). We assume that Vr is the Whittaker model 
of r with respect to the character of F given by ^'"^(s;) = ^(— ex). Let p" be the conductor of t. Let 
^(0) g V{n) be the local newform, i.e., the essentially unique non-zero K'-^\p''^) invariant vector in Vr- We 
can make it unique by requiring that W^^'{1) = 1. 



We choose any character xo of L^ such that 



and 



Xo 



i+qj" 



(40) 
0^/(1+^"), and 



(41) 



This can be accomplished by extending uJt\ ^ to o^ using the injection 0^/(1 + p") ^ 
defining xo suitably on prime elements. We extend W^^^ to a function on Al'-^^F) via 

W^°\ag) = Xo{a)W^°\g), a e L\ g e GL2{F) 

(see ®). It follows from §^ that 

W'^^\gK) ^ VF(°)(g), for g e M^^\F) and k e M^^^F) n K*{<^"'). (42) 

As in Sect. 13.21 let (tt, T4-) be an unramified, irreducible, admissible representation of GSp4(F), where Vt^ is 
the Bessel model for tt with respect to the character A (g) of R{F) — T{F)U{F). As was pointed out in 
Sect. 13.21 the character A is necessarily unramified. Let x be the character of L^ given by 

(43) 
I with the following properties. 



x(C) = A(CT'xo(C)^\ 

so that (HH) holds. 

Given a complex number s, there exists a unique function W'^{ • , s) : G{F) 



i) If g i M{F)N{F)K*{^''), then W*{g, s) = 0. 
ii) If g = mnk with m G A/(F), n £ A^(i^), fc G A:#(«P"), then W*{g,s) = VF#(m,s). 

eM(2)(F), 



hi) For C e i^ and 



a/3 
7 (5 



T/F#( 



c 





- 


a 


/3 


7 


6 



,s)^\NiO■^^-Y'^'/'hiOw^'H 



a (3 
7 ^ 



(44) 



Here n = a6 — Pj. 



To verify that such a function exists, use (|42|) and 

(M(F)Ar(i^))ni^#(«p") = (Af(i^)nif#(<p"))(7V(F)n A'#(<p")). 

Also, one has to use the fact that x| i i mn — 1- Note that W'^{ • , s) is an element of the induced representation 
I{s,X7X0it) discussed in Section [T51 In particular. Lemma f2.3.1l applies. Note that if n = 0, i.e., if r is 
unramified, then W'^{ ■ , s) coincides with the function Wy{ ■ , s) defined on p. 200 of [9]. 
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3.5 Basic local integral computation 

Let W'^{ ■ ,s) be the element of I{s,XiXo,t) defined in the previous section. Let B be the spherical vector 
in the A ® Bessel model of the unramified representation tt of GSp4(F), as in Sect. 13.21 We shall compute 
the integral 

Z{s)^ I W*{r^h,s)B{h)dh. (45) 

R(F)\H(F) 

By Lemma KT\\ the integral (gSl) is well-defined. By ^ and the fact that B{h{l,m)) = for ? < ([5] 
Lemma 3.4.4), we have 



Z{s)^Yl I W*{rjh,s)B{h)dh 

Lin>Q fj(^pj\j^^p)m„i)K" 

= Y^ I W*{rih{l,m)h,s)B{h{l,m)h)dh 

''"'-" h{Lrn)-^R{F)h{l,m)nKff\K" 

Y^ B{h{l,m)) I W*irih{l,m)h,s)dh. (46) 



'^™-" h(l,m)-^R(F)h(l,m)nKH\KH 



The function W^ is only invariant under iir^(*P"). Since our integral ((46|l is over elements of H{F), 
all that is relevant is that W^ is invariant under the group i^^(p") defined in (|57|) . Let us abbreviate 
Ki^m '■— h{l, m)~^R{F)h{l, m) n K^ . Suppose we had a system of representatives {si} for the double coset 
space Ki,„i\K^ /K'^{\)^) (it will depend on / and m, of course). Then, from (|46|) . 

Z{s)^ Y ^ B{h{l,m)) I W*{7]h{l,m)h,s)dh 

In practice it will be difficult to obtain the system {si}. However, we can save some work by exploiting the 
fact that VF# is supported on the small subset M{F)N{F)K^{^") of G{F). Hence, we shall proceed as 
follows. 

Step 1: First we determine a preliminary decomposition 

K''^\jKi,ms'^K*{p"), (48) 

3 

which is not necessarily disjoint. We may assume that the s' are taken from the system of represen- 
tatives for K^ /K'^{p^) to be determined in the next section (but some of these will be absorbed in 
Ki^rm SO that we get an initial reduction). 

Step 2: Then we consider the values W*{T]h{l,m)s'j,s). If r]h{l,m)s'j i M(F)N{F)K*{^'^), then s'^ 
makes no contribution to the integral (|1S|) . Therefore, all that is relevant is the subset {s"} C {s'} of 
representatives for which r]h{l,m)s'j S M{F)N{F)K'^{^"). Hence we consider the set 

3 

Step 3: Now, from this much smaller set of representatives {s''} we determine a subset {s'"} such that this 
union becomes disjoint: 

3 
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The integral ([H]) is then given by 



^w= E E^w^™))w^#(?7M^m)4''^) / 



dh. 



(49) 



l,m>0 3 



K,,„,\Ki_^sr"K*{p") 



Finally, we have to compute the volumes, evaluate W^, and carry out the summations with the help of 
Sugano's formula ([50]) . 

3.6 The cosets K*{p")/K*{p) 



From this point on we will assume that the conductor p" of the given GL(2) representation r satisfies n = 1 . 
We need to determine representatives for the coset space 



X#(pO)/X#(p), where K*{\,'^) ^ K" ^ GSp^io). 



(50) 



Note that this coset space is isomorphic to Kf{p°)/Kf{p), where Kf{p) = K*{p)n{g £ H{F) : ^.{g) = 1}. 
Let 



Sl 



1 



1 



1 



1 



S2 



1 



1 



It follows from the Bruhat decomposition for Sp4(o/p) that 

ai 



K*{p') = U 

ai,a2eo>'/(l+p) 



0,2 



K*{p) 



a\ 



cti 



^ u u 

ai,a2eo^/(l+p) kGo/p 

^ u u 

ai,a2eo></(l+p) xeo/p 

^ u u 

ai,a2eox/(l+p) x.yeo/p 

^ u u 

ai,a2eox/(l+p) K.yGo/p 



^ u u 

ai,a2eo></(l+p) a;,2/,zGo/p 



^ u u 

ai,a2Go'</(l+p) 2;,j/,zeo/p 



02 



02 



1 

X 1 



1 -X 
1 



1 X 

1 

1 



5lif#(p) 



s2-ft:*(p) 



ai 



fli 



02 



02 



1 








a; 


1 




y 






1 


— X 

1 



-^iS2K*{p) 



1 a; 2/ 

1 2/ 
1 
1 



S2S 



iK*[p) 



Ol 



Ol 



02 



02 



1 y 

X 1 y xy + z 
1 -X 
1 



SlS2SlX#(p) 



1 X y 

I y z 
1 
1 



S2SlS2X#(p) 



(51) 



(52) 



(53) 



(54) 



(55) 



(56) 



(57) 



(58) 
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^ u u 

oi,a2eox/(l+p) w,x,y,z£o/p 



«! 



a2 



I X y 

w 1 wx + y wy + z 
1 ~w 

1 



SiS2SiS2X#(p). (59) 



3.7 Double coset decomposition 

Recall that we are interested in the double cosets Ki m\K^ /K'^{p), where Ki ^ — h{l, m)~^R{F)h{l, m) n 



3.7.1 Step 1: Preliminary decomposition 

Observe that Ki „ contains all elements 







'1 










ueo^, 


and 




1 




1 




1 



and that K'^{p) contains all elements of the form diag(l,/i, /x, 1), /i G o^. From (jS^ - ((55)) we therefore 
obtain the following preliminary decomposition, which is not disjoint. 



K"^ 


u 

«eo>'/(i+P 


Kl.m 


U 


u 

ueo^/ii+p) 

tuGo/p 


Kl^m 


U 


u 

uec/ii+p) 


Kl,m 


u 


U 

«eo''/(i+p) 

toSo/p 


Kl,m 


u 


U 

«Go>'/(l+p) 


Kl^m 


u 


U 

ueo-'^/ii+p) 

toSo/p 


Kl^m 


u 


u 

ueo^/(i+p) 


Kl^m 



1 



K*{p) 



1 








1 


1 



sii^#(p) 



S2 



K*{p) 



w 


1 










1 


— w 

1 



SlS2 



K#(P) 



S2S 



lX#(p) 



1 








w 


1 










1 


— w 

1 



SlS2SlK*{p) 



S2SiS2K*{p) 



(60) 



(61) 



(62) 



(63) 



(64) 



(65) 



(66) 
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u 



K, 



l,'m 



«Go''/(l+p) 
wGo/p 



1 —W 



S1S2S1S2 



K*{p). 



(67) 



3.7.2 Step 2: Support of W* 

Recall 



V 



1 
a 1 



1 -a 
1 



b + Vd 



if L is a field. 



where a := i 



2c ' 2c 
We have assumed that c G 0^ , so that a £ Ol- We have rih{l, m) — h{l, mj-qm where for m > we define 



1 

atu" 1 



1 -avj-" 
1 



(68) 



Fix ^, m > 0, and let r run through the representatives for Ki^rn\K^ / K"^ {p) from (jSO)) - ((S7| . We want to find 
out for which r is 77/i(?, TO)r G M{F)N{F)K'^{^)^ since this set is the support of W^ . Since h{l, m) S M{F), 
this is equivalent to rym'^ G M{F)N{F)K'^{^). Hence, this condition depends only on to > and not on 
the integer I. Recall that 



K*{^) 



l + 'P ^ Ol Ol ' 

Ol 1 + *P Ol Ol 

^ ^ 1 + *P Ol 

qj <p <p i + «p 



fie 0' 



i) Let r = 
precisely. 



with u e 0^/(1 + p). Then 7?„r e M(F)iV(i^)/<i:#(<P) for all M,m. More 



Vmr 



u~^w-^a 1 



1 -7i-iti7"a 
1 



e ^/(i^)/;:*^^). 



(69) 



ii) Let r 
then 



1 








1 


1 



Si withw e o^/(l+p) and w G o/p. If/3 = nj^a+ww G 0^, 



r]Tar 



-P^^u 



-f3u- 



1 








u/3-1 


1 










1 


-u/3-1 








1 



1 -/3u^i 
1 

1 
/3-1J [ Pu-^ 1_ 

e M{F)N{F)K*{^). 



(70) 
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But if /? ^ 0^ , then ri„ir ^ M{F)N{F)K'^{^) since the (3, 3)-coefBcient of any matrix product of the 
form n^^rh^^rjmf', rh € M{F), n G N{F), is always in /3o^. 



iii) Let r 



1 



S2 with u e 0^/(1 +p). Then ?7™r ^ Af (i^)7V(F)iv:#(<P), since the (3,3)- 



coefficient of any matrix product of the form n ^m ^r]„ir, rh G M{F), n G N(F), is always zero, 
"l 

S1S2 with u e 0^/(1 + p) and w e o/p. Then 77,„r ^ 



iv) Let r = 



1 



1 — w 
1 



M{F)N{F)K'^{'^), since the (3, 3)-coefficient of any matrix product of the form h ^rh ^rjmr, rh € 
M{F), h e N{F), is always zero. 



v) Let 



S2S1 with u e 0^/(1 + p). Then 77,„r ^ M(F)iV(F)i^#(<P), since the (3,3)- 



coefficient of any matrix product of the form h ^m ^rjmr, rh e M{F), h £ N{F), is m™au ^ times 
the (3, 2)-coe5icient. 



vi) Let r 



^, then 



1 



1 








1 


1 



S1S2S1 withu e 0^/(l-|-p) andw e o/p. If/3 = tn™a-|-uu; € 



Vnir 



-1/u 



1 

1 

(3u-^ 1 
/3m-i 1 



e M{F)K*{^). 



(71) 



But if /3 ^ *p, then Tym?" ^ M(F)A^(F)iir^(*p) since the (3, 2)-coe5icient of any matrix product of the 
form h^^-mT^rimr, fa € M(F), h € N{F), is always in /3o^. 



vii) Let r = 



1 



S2S1S2 with u e 0^/(1 +p). Then rj^r i M{F)N{F)K*{^), since the 



viii) Let r 



(3, 3)-coefficient of any matrix product of the form h ^fh ^rjmr, rh E M{F), h e N{F), is always zero. 
1 

S1S2S1S2 with u G 0^/(1 + p) and w £ o/p. Then 77,„r ^ 



1 



1 —w 
1 



M(F)iV(i^)iir*(*P), since the (3, 3)-coefficient of any matrix product of the form h ^fh ^rimf, rh G 
M{F), h e N{F), is always zero. 



Hence, for every / > and to > 0, the double cosets that contribute to the computation of the integral (|1S|) 
are 



U ^'- 

ueo>''/{i+p) 



K*ip) 



(72) 
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u u u if,. 

ueo^/(i+p) -uj^o/p 



u U U ^'. 



1 


1 










1 


— u 

1 


1 








w 


1 










1 


1 



siK*ip) 



SiS2SiK*{p). 



(73) 



(74) 



By ii) of Lemma f3. 1.11 the condition vu^^a + uw e *p cannot be satisfied if m = 0. Hence, for m = Q the 
double cosets that contribute to the computation of the integral (|1H|) are 



S= U ^'^0 

Meo>'/(i+p) 



' U U ^'^c 

t(.eo^/{l + p) iwGo/p 



K*{p) 



1 


1 










1 


—w 
1 



siif#(p). 



(75) 



(76) 



For m > the condition tu'^a + uw G o^ (resp. vo'^a + uw £ *P) is satisfied if and only if w e o^ (resp. 
w G p). Hence, for m> Q the double cosets that contribute to the computation of the integral (|1S)) are 



S^ U ^'^ 

«eox/(i+p) 



u u u ^.^ 

«eo'^/(i+p) uie(o/p)x 



K*{p) 



1 








w 


1 










1 


—w 

1 



5lif#(p) 



u U ^i^' 

«eo''/(i+p) 



SlS2Slii'*(p). 



(77) 



(78) 



(79) 



3.7.3 Step 3: Disjointness of double cosets 

We will now investigate possible overlaps between the double cosets given in ([75]) and ((7^ (for m — 0) resp. 
dZH), (UHl) and dZH) (for m > 0). Recah that Ki^„i = h{l,m)-^R{F)h{l,m) n K" . 

The case m = 

We will now assume m = and find all equivalences between the double cosets in ([75]) and ([75|) . Let a 
double coset from ([THll be given. Set w = a + b{uw) + c{uw)'^. We claim that the condition a + uw G o^ in 
([76| forces v G o ^ . First observe that we have the following identity. 



a + b{uw) + c{uw) — —c{a + uw){a ~ {uw + be )). 
Hence, if u G p, then it would follow that a— (uw + bc^^) G po^ = ^. By Lemma r3.1.1l ii). this is impossible 

X ~\~ llul'Ji tic 

It follows that indeed w G o^. Now let y — —u/v and x — —{u/v){cwu + b/2). Let g = ' hlo 
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Then 



h{l,Oy^ 



det{g) *5- 



h{l,0) 



1 — w 



Sl 



1 

u{b+cuw) cu^ 







cu^ 


u{h~\-cuw) 


V 




V 

1 



(80) 



Since v E o^ , the rightmost matrix is in K'^{\)). This identity shows that all double cosets in (|76p are 
equivalent to double cosets in (jTS]) . So far we have shown that the set S in (jTS]) and ((75)) reduces to 



5 = U Ki^o 

«eo^/(i+p) 

We will now show that this is a disjoint union. Let 



K*{p). 



hi = 



Ul 



h.^ 



U2 



and assume that Ki^QhiK'^{p) — Ki,Qh2K'^{p). Then there exists r e R{F) such that 

A = /i;^i/i(Z, 0)-^rh{l, 0)hi e /i:#(p). 

Dividing the (1,1) coefficient of A by the (4, 4) coefficient, we get Ui/u2 G 1 + p. Hence hi and ft.2 define the 
same double coset if and only ii ui = U2- It follows that 



«eo'</(i+p) 



K*{p), 



as claimed. 



The case m > 

We will now assume m > and find all equivalences between the double cosets in (I77|) . ([75]) and ([7^ . An 
argument similar to the one above shows that all the double cosets in ([77| are disjoint. 

Equivalence of double cosets from {\77\i and (|78p : Let a double coset from ([751) be given. Let x — 



^^ - ^ and w = 
h{l,m)-^ 



Let g 



X + yh/2 yc 

—ya X — yb/2 

1 



Then 



det(g)*(7 



t^-i 



/i(/, rn) 



1 



1 








w 


1 










1 


—w 

1 



Si 



_1_ 

w 




1 


1 

1 1 tu a 






bro'" 
cw'-^u 



(81) 
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The rightmost matrix Ucs in K'^{p) since w E o^ . Hence cosets of ([75]) all coincide with cosets from 
(173. 



Equivalence of double cosets from ()77p and l\79\i : Let hi be a double coset representative obtained 
in ([77]) and let /i2 be a double coset representative obtained in ([79|). Then the double cosets are not 
equivalent, since, for every k G Ki^m, the (2, 2) entry of the matrix A = /i^ khi is zero. 



Equivalence amongst double coset from {[79]): We will show that the double cosets in (l79|) are disjoint. 
Let 



hi 



1 



Ml 



S1S2S1, 



1 



U2 



S1S2S1. 



Assume that Ki^rnhiK'^{\)) = Kimh2K'^{p)- Then there exists an r e R{F) such that 

A = h^^h{l, m)-\h{l, m)hi e K*{p). 



Let r = 5F, with ,g € T(F) and F G U{F). We write an element of T{F) as 5 = 



X + 2/&/2 yc 

— ya X — yb/2 

with x,y G F. Looking at the (2,3) coefficient of A, we see that y £ p (since m > 0). The (1,1) 
coefficient gives us that a; + |y € 1 + p and hence x — |y € 1 + p. Looking at the (4, 4) coefficient, we 
get Ui/u2 G 1 + p, which imphes ui — U2- Hence, the double cosets in ([7U|) are disjoint. 

We summarize the results of this section in the following lemma. 

3.7.1 Lemma. The following are the disjoint double cosets in {Ki„ikK^{p) : k E K^ , Z, to > 0} that have 
a non-trivial intersection with the support of W^ . 



U 



U U ^'.™ 

l>0 «Gox/(l+p) 
m>0 

U U ^'.™ 

i>o «eox/(i+p) 

m>0 



1 



K*ip) 



S1S2S 



iK*{p). 



3.8 Volume computations 



In Lemma r3.7.1l we obtained the double coset representatives {s'"} needed to evaluate the integral P^ . In 
this section we will compute the corresponding volumes. More precisely, we have to compute 



-wT-l.ni 

^1 '■ — 



V2 :— 



Kl,m\Ki,„ 



K,,^\Ki_„ 



dh 



K*{p) 



dh 



for Z > 0, TO > 0, 



for / > 0, TO > 0. 



(82) 
(83) 



siS2SiK*{p) 



In the notations above we have suppressed the dependence on u since it will turn out that these volumes are 
independent of u. We will first show that the calculation reduces to the calculation of volumes of certain 
compact subgroups of GL2(i^). First we make some general remarks that apply to both cases. The volumes 
dHU), dHSl) are of the form 



/ 



d/i, 



Ki,^\Ki,^AK*ip) 
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with some A E K^ . Let xi '■ Ki,„i\K^ ^ C be the characteristic function of Ki^„i\Ki^mAK'^{p), and let 
5i : K^ ^ C be the characteristic function of AK'f^{p). 

3.8.1 Lemma. For all g £ K^ we have 

Si{tg)dt^Xi{g) J dt, (84) 

^'•'" A',,„n(A_ft:#(p)A-i) 

where g denotes the image of g in Ki^rn\K^ ■ 

Proof. First assume that g ^ Ki,,nAK'^{\)). Then tg ^ AK'^{\)) for all t E Ki^m, and hence the left side 
is zero. The right side is also zero by definition of xi- Thus the equality holds under our assumption. Now 
assume that g E Ki^jnAK'^{p). In this case Xiifl) = 1- Write g = kAn with k E Ki^m and k E K'^{p). We 
have 

tgEAK*{p) ^=^ tkAnE AK*{p) ^=^ tkAEAK*{p) 

■i=^ tkEAK*{p)A-^ -i^^ tE {AK*{p)A-^)k-^. 

Hence the left side equals 

/ 

But since k E Ki^m, this integral equals /^ n(AK*(o)A-^) ^^- This proves the lemma. ■ 

Integrating both sides of ([M|) over Ki,m\K^ , we obtain 

5i{g)dg={ j dh){ J dt), (85) 

I dh^Yo\{K*{p))( I dt) \ (86) 

Ki,^\Ki,^AK#{p) if,,„n(AX#(p)A-i) 

vol(/^ (P)) = (^ _ 1)2(1 + 2g + 2g2 + 2g3 + qi) = (q2 _ i)(^4 _ i) (^7) 

from ([52|) - ([59]) and the fact that vol(iir^) = 1. Hence we are reduced to computing 



so that 



Note that 



V{l,m,A):= / dt. 

Ki_^n(AK*{p)A-^) 

In both the volumes ([5^ . ([55)1 we have A = Bw, where w is a Weyl group element and 

'1 



u 
1 



We have 



V{l,m,A)= I dt= I dt. (89) 

(s-ii<'i,,„B)n('mA'#(p)tu-i) (B-i/i(i,m)-ii?(F)/i((,m)s)n(toi<'#(p)to-i) 
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The relevant Weyl group elements are w — 1 and w — S1S2S1. We have 

1 +p p 

K*(p) = X 

^^^ p p 0^ 

p p p 1+p 

1 +p p 

p 1+p p p 

p 0^ p 

000^ 



SiS2SiK*{p)siS2Si 



(90) 



(91) 



We have to find the intersections of these compact groups with B^^h{l, m)^^R{F)h{l, 711)3. Note that, mod 
p, the upper left block of any matrix in any of these compact subgroups, lies in GL2(o). Let Lk,w be the 
subgroup of GL2(o) occurring in the upper left block oi'wK'^{p)w~^ , and let Nk,w be the compact subgroup 
of F^ occurring in the upper right block. Write a given element of R{F) as tn with t G T{F) and n G U{F). 
Then 

B-^h{l, m)-^{tn)h{l, m)B = {B-^h{l, myh h{l, m)B) {B^^h{l, my^n h{l, m)B) . 

A direct computation shows that this element lies in wK"^ {p)w^^ if and only if 



and 



We have B = 



'9-' 



the upper left block of i? ^h{l,ni) ^th{l,m)B lies in Lk,u 

the upper right block of B~^h{l,m)~^nh{l,Tn)B lies in Nk, 

1 
with g = 



e GL2(o). The conditions ([92]) and ([MJ become 
1 





1 


t 


1 





eL 



Ka 



and 



It follows that 



,-2m-i 



-—m—l 



X 



eN, 



K.w 5 



where n 



IX 
1 



vol({X e F^ 



1 



,-2m-; 



= vol({X e F^ : X e 

J2m+l 



w 



— m—l 



X 



-ni-\-l 



= vol( 
= vol( 



1 



„2rn+l 



voK 



u 

J2m+l 



U 



m+l 



.^ra+l 



W 

Nk 



1 



N^ 



K,w 



e Nk,^}) 



}) 



UJ 



}) 
}) 



}) 



-3r??.— 3/, 



q "■■■ ''\0l{NK^^a). 

The volume of Nk,w is 1 if w = 1 and q^^ if w = S1S2S1. Let us set 



Lk,w — 



1 + P P 
o"" 

1 + p 
P 1 + P 



if ti; = 1, 

if It; = S1S2S1, 



(92) 
(93) 

(94) 
(95) 
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as above. Let 



Tm.u, = {te T{F) 

= T{F) n 
= T{F) n 

We summarize the above considerations. 



L 



Ka 



G Lk,w} 



L 



Ka 



(96) 



3.8.2 Lemma. Let I and m he non-negative integers. Let w £ {l,siS2Si}, and set 5 = if w = 1, and 
5 = 2ifw = siS2Si. Let A = dia,g{l,u,l, u^^)w, where u (^ 0^ . Then 

dh = vol(i^#(p)) vol(T„,„)-i g3("+0+^ 



,-1 



Here, vol(K#(p)) = {{q^ - l){q^ - 1))" 

Thus we are reduced to computing the volumes of the groups Tm,i ior aU m > and Tm.siS2Si for aU m > 0. 



3.8.3 Lemma. For any m > we have 



vol{T^^^)-' = iq-l)[l-[^)q-')q"^+\ 



Proof. By definition, 



Since 



TmA - T{F) n 



1 + P P 
o"" 



0'^ p 
o"" 



u 

«eox/(i+p) 



1 + P P 
o"" 



and 



e T{F), we have 



T(F)n[-'"j[";;^][--'"J 



«eo>^/(i+p) 






E ( 



(9-1) ( 



dt). 



-(-)-[--" i] [7 o^x 



Therefore, 



( / 



-(-)-[-"• i] [7 o^^][-""i: 



dt\ ={q-l)( / dt 
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Note that the group T{F) f] 



GL2(o) 



Has in 0^, since the determinants of these matrices 



he in o^ and the trace hes in o. As in 0, p. 202, we define a subring Om of Ol by 



Om := Ol n 
In addition, we define a smaUer subring 

o' := Ol n 



A'hio) 



1 




'op' 






1 



We normahze the measure so that vol(o^) = 1. Hence, we have 

( / dty' = {ol : io'J-). 

From ([2S|) . we have the integral basis 



Ol = + 0^0 = { 



X yc 
-ya X — yb 



c,2/eo}, Co = 



c 
—a —b 



Such an element lies in 



op 





1 



Af2(0) 



1 



if and only if y £ p™. Similarly, such an element lies in 



if and only if y G p™+^. Therefore, 

Om = {x + K7"yCo : x,y £ o} 



and 



o'^ = {x + zu'^+^y^o: x,yeo}. 
Hence oJ„ = Om+i, so that (o^ : (o^)^) = (o^ : (Oj„+i)^). By Lemma (3.5.3) of [S], 

This concludes the proof. 

3.8.4 Lemma. For any m > we have 

L 



vol(r™,,,,,, J-i = (g - 1) (l - (- j g-i j g™. 



Proof. By definition 



We claim that 



Indeed, assume that 



-^m,siS2Si — -^ \-^ ) ' I 



X + yb/2 yc 
—ya X — yb/2 



1 + p 
P 1 + P 



1 + p 
p o\ 


"1+p 

p 0' 
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Then in particular 2/c G p™ C p, since to > 0. Since c is a unit, we get yep. Thus, x + yh/2 G 1 + p impUes 
X — yh/2 e 1 + p, as claimed. Since 



0" 
p 0^ 



u 

■"ecix/(i+p) 



1 + p 

p 0^ 



and 



G r(F), we have 



/ 



dt= Y. ^ I ^^) 

«eox/(i+P) 



E ( 

Meox/(i+p) 



™n["-,]r.i[7;-][-"M 



1 fl+P 
ij p oX 



Therefore, 



( / 



dt 



T(F)n 



] [l+P 
lj[ p oX 



T(F)n 
(g-l)( y dt). 

(g-l)( I di 



Let o„i be the subring of Ol as defined in the proof of Lemma 13.8.31 In addition, we define another subring 



OlH 



I 






.p°. 




" ,-^ — m 

1 



Since vol(o^) = 1, we have 



( / 



(ol:{oir). 



As above we have the integral basis Ol = o + o^o = { 



X yc 
—ya X — yb 



x,y G o}. Such an element lies in 



I 



M2(0) 



I 



and only if t/ G p'". Therefore 
and 



if and only if y G p'". Similarly, such an element lies in 
Orn ^ {x + TUpy(,Q : x,y £ o} 



1 









1 



if 



Ki = {x + tjj'fV^o ■■ x,y e o}, 
so that actually o,„ = o^. Hence (o^ : (oj^)^) = (o^ : (o,„)^). By Lemma (3.5.3) of [1], 

This concludes the proof. 



Let us summarize the volume computations. 
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3.8.5 Lemma. Let Vi™ and Vj'™ be the volumes defined in 



i) For any l,m > we have 



Vi — 



1 (l - (L]q-An^"^+^^ + \ 



a) For any I > and m > we have 






Proof. This follows from Lemmas [HIOl [5X^ and [gXil 



3.9 Main local theorem 

In Sections 13. 41 and l3.5[ we have defined the functions W^ and the integral Z for any ramified representation 
T of GL2(i^). We have computed the relevant double cosets and their corresponding volumes under the 
assumption that t has conductor p. We will now assume that r = ^StGL(2)i where fi is an unramified 
character of F^ , and StGL(2) is the Steinberg representation of GL(2, F). Then r has conductor p, and the 
central character of t \s, ujr = fi^. We work in the -0"'^ Whittaker model for r. In this model, the newform 
VF*^"-' has the properties 



H^(o)( 



and 



W^(o)(£ 



|a|r2(a) if a e 0, 
\ ' 1 otherwise, 

-^(vj)W^^\g) for aU g e GL2{F). 



(97) 
(98) 



We refer to [SS] for details. Using Lemma [3.7. 11 we have 

Z{s)^"^ B{h{l,m)) Y^ (w*ir)hil,m) 



1>Q 
m>0 



ueox/{l+p) 



W*{'nh{l,m) 



.s)Vl' 



\Trl.'i 

SlS2Sl,s)V2' 



J2 B{h{l,0)) Y. W*ivhil,0) 
ueox/(i+p) 



l>0 



,^)VI 



1,0 



(99) 



Recah formula (gl]) for the function W*{-,s). Note that for ( G F"" we have x(C) = ^^{0~^^r{0~^ = 
a;^(C)"^rj(C)~^. Using ^ and dnD, we write the argument of W* as an element of M{F)N{F)K*{'^). 
Then, from (|ii| . 



Zis)=J2 B{h{l,m)) Y. 1^ 



2m+i|3(s+i) 



;^(n72'"+')-lf7(w2"+')-2f72(^m-) 



i>0 
m>0 



«Gox/(l+p) 



(W^(0)( 



)y/>™ + Ty(")( 



)U'' 



+ ^ i?(/i(/,o)) Y \^T'^'^'^^^{^'r^^{^'r^w^°\ 

ueo^ /(i+p) 



l>0 



w 



)v; 



i,0 



(100) 
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Here, we have used the fact that Q^ is the central character of r and 14^(°) is right invariant under 



0" 

p 0^ 



It foUows from ^ and ^ that W^°'> ( 



) = -f7(n7')|tn|'+i for aU I > 0. Hence, we get 



Z{s) ^{q-l)J2 S(/i(/,m))|n72"+'|3(-+^)a)^(n72™+')-if7(cc7 



2m+l \ — l c) f ni+l \—2 



l>0 
m>0 



\lrtt, i^T^^™ 






l>0 



l>0 
m>0 

+ (g - 1) ^ B{h{l, 0))|tn|'(3^+5/2) ^u;M){rn)-'vl'". 



(101) 



/>o 



By Lemma 13.8.51 i) and ii) the first sum is zero. Hence 



l>0 



q-l 



^^-i-- Y: B{h{l, 0))g-'(3^+5/2) Kf7)M-' (l 



{q + l)iq'- 


1)^ 

' l>0 


u\ii\ 


9(9-1) 


(, 


(- 


(9 + l)(9*- 


1)^ 



£),-.),3,« 



(102) 



/>0 



Let TT = xi X X2 x cr be an unramified principal series representation of GSp4(i^); in case Xi ^ X2 >*i cr is not 
irreducible, take its unramified constituent. Recall the characters 7*^^^ . . . ,7'''-' defined in Sect. 13.21 Let v 
be the absolute value in F normalized by ^{zu) — q~^. Set 



L{s,nx r) = n (1 - ((7**^)~'^"'^'/')(n7F)9" 



(103) 



Then L{s, tt x f) is the standard L-factor attached to the representation tt x f of GSp4(F) x GL2(F) by the 
local Langlands correspondence. Here, w (resp. f) denotes the contragredient representation of tt (resp. t). 
Denote by AX{A) the irreducible, admissible representation of GL2(i^) obtained by automorphic induction 
from the character A of L ^ . Set 



-l„-2s^-l 



L{s, T X AI{A) X xIfx ) = ' 



ii~xi^)q-'q-'') 

{l-A{mL){xm^)q' 
{l-A{mL){xm^)q 



-1/2 -3s-l^-l 
-1/2 -3s-l\-l 



if (f ) - -1> 
if (f ) = 0, 



(104) 



[ X (1 - A(n7tn^i)(xf^)(tn)g-i/2^-3-i)-i, if (^) = 1. 

Then L{s,t x AX{A) x xIfx) is the standard L-factor attached to the representation t x AX{A) x xIfx of 
GL2(F) X GL2(F) X GLi(i^) by the local Langlands correspondence. We now state the main theorem of the 
local non-archimedean theory. 

3.9.1 Theorem. Let tt be an unramified, irreducible, admissible representation of GSp4(i^) (not necessarily 
with trivial central character), and let r — f2StQL(2) with an unramiRed character fl of F^ . Let Z(s) be the 
integral ifiS|) . where VF^ is the function defined in Sect. 13.41 and B is the spherical Bessel function defined 
in Sect. [XI Then 



Z{s) 



9(9-1) 



(9+l)(9^-l) 



1 



L(3s + i,7r X f) 



L(3s + l,TXytI(A) xxIfx)' 



(105) 
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Proof. By dSHJ) and (HHH), 



BydSD), 



= n (1 - (7«Kf^)"Vi/2)(tn^)g-3-V2) 

i=l 
i=l 



L(3s + l/2,^x f)-^ 

To compute the numerator of p06p . we distinguish cases. If ( j) = —1, then H{y) = 1 — q^'^A{njp)y'^, and 
hence 

= l--{u;-'c.-'){ruF)q-''-' 
= l-xivJF)q-\-''-' 

V L(3s + 1, r X AI{A) X xIfx )"^ 
If [j) = 0, then iJ (y) = 1 - q^'^K{vjL)y, and hence 

i?(q-3«+l/2(^^r))(^^)-i) = 1 _ q-^K{wL)q-^'+^'\uo^n){wF)-^ 

= 1 - K{wL){oJ^LOr^^^){'^Fy^q^^'^^'^ 

^ i(3s + 1,T X y4I(A) X xlf X )-\ 
If (l^) = 1, then H{y) = (1 - g"2A(n7L)y)(l - q^'^A{mF-oul^)y), and hence 

i7(q-3^+l/2Kf])(tnf )-i) ^ (1 - g-2A(tni)q-3«+l/2KJ7)(t77f )-l) 

(1 - g-2A(ti7f ti7^i)g-3^+i/2Kr!)(tnf )-i) 
= (1 - A{wL){oJ^u;rn-^){wF)-\-^'-^/^) 

(1 - A(tUFn7]^^)Kwrf^"^)(n7F)"^g"^""^/^) 

= (l-A(tI7i)(xf^)(tI7F)q-l/25-3-l) 

(1 - A{mpUJl'){xn){mp)q-^/''q-'^-^) 

9 L{3s + 1, r X M{A) X x|fx )-^ 

Hence fl'(g~^^+^/2(w7r^)(roF)^^) = i(3s+ 1,t x AI{A) x xIfx)^^ in aU cases. This concludes the proof of 
the theorem. ■ 



4 Local archimedean theory 

In this section we compute the local archimedean integral. As in Sect.[3l the key step is the choice of vectors 
B and W*. 
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4.1 Real groups 



Consider the symmetric domains H2 := {Z g M2(C) : i{^Z — Z) is positive definite} and \)2 := {Z E 



*Z = Z}. The group G+{M.) := {g G 



fJ'2ig) > 0} acts on Et2 via (5, Z) i~^ g{Z), where 



g{Z) = {AZ + B){CZ + D)-^, for 5 



AS 



e G+(R),^eH2. 



Under this action, f)2 is stable by iJ+(R) = GSp|(M). Tlie group iCoo = {.9 e G'+(R) : /i2(ff) = l,5(/> = /} 



is a maximal compact subgroup of G'+(M). Here, / 



e H2. Exphcitly, 



A B 
-B A 



A,B e GL(2, C), ^AB = *BA, ^AA + *BB = 1}. 



By the Iwasawa decomposition 

G(M) = M^^\m)M'^^\R)N{R)K^, 

where M(i)(M), Af(2)(M) and iV(R) are as defined in ©, d?]), ©. A calculation shows that 

rc 

C, a, /? G C, Id = 1, lap + |/3P = 1, a^ = M- 



(107) 



= { 







~ 


a 


c 


p 


-P 




a 



(108) 



Note also that 



and that there is an isomorphism 

(51 X S0(2))/{(A, 







" 


n 




a 




1 




a 




a 



a,(3€C, |a|^ 



— 1, q;/3 = /3a}, 



(109) 



A 



): A = ±l} 
(A, 



1 



a [3 
-(3 a 



Ac 



-A/3 



1 



A/3 



Aa 



(110) 



For g e G+(M) and Z e H2, let J(5, Z) = CZ + Z? be the automorphy factor. Then, for any integer /, the 
map 

fci — >det(J(fc,/))' (111) 

defines a character K^a -> C . If fc G M^'^\R.)r\Kao is written in the form (fTTU)) . then det(J(fc, /))' = A'e"''^, 
where a = cos(0), /3 — sin(0). Let K^ = iCoo H iJ+ (R) . Then K^ is a maximal compact subgroup, explicitly 
given by 

^ ^ 'AB^ *BA, 'AA + 'BB = 1}. 



00 L 



-B A 



Sending 



to A — iB gives an isomorphism iiT^ ^ U(2). Recall that we have chosen a,h,c G 



A B' 
^B A 

such that d — b^ — Aac 7^ 0. In the archimedean case we shall assume that d < and let D — —d. Then 
R(\/^i5) = C. As in Sect. Owe have 



T{M) = { 



X + yb/2 yc 
—ya X — yb/2 



x,y (ER, x^ + y^D/4: > 0}. 



(112) 
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Let 



ri-T(M)nSL(2,R) = { 



X + yb/2 yc 
—ya X — yb/2 



We have T(R) ?^ C^ via 
the unit circle. We have 



X + yb/2 yc 
—ya X — yb/2 



x,y^^,x^+y'^D/A=\}. (113) 

X + y\/ —D /2. Under this isomorphism T^ corresponds to 



r(R) = Ti . { 



C 



C 



C>o}. 



(114) 



As in ^, p. 211, let io G GL2(K)+ be such that T^ = toSO(2)tQ ^ . We will make a specific choice of io when 

" a 6/2] 



we choose the matrix S = 



6/2 c 
GL+(K) = S0(2) • { 



below. By the Cartan decomposition, 

Ci 



C2 



Ci,C2>o, Ci>C2}-so(2). 



(115) 



Therefore, 



GL+(R)=ioSO(2)-{ 



%/CI<2 



= T^to ■ { 

= T{R)to ■ { 
Using this, it is not hard to see that 



vac 



Ci,C2>o, Ci>C2}-so(2) 

Ci,C2>0, Ci>C2}-SO(2) 



^/CUC'2 



V^Ta 



C' 



C>l}-S0(2). 



(116) 



H( 



R{R) ■ { 



Aio 




'-0 


cJ. 



AeM^C>l}•if^. 



(117) 



Here, i?(R) = r(M)C/(M) is the Bessel subgroup defined in Sect. 12. 2[ One can check that all the double cosets 
in (|117p are disjoint. 



4.2 The Bessel function 



Recall that wc have chosen three elements a, 6, c S M. such that d ^ b'^ — Aac ^ 0. We will now make the 

, ,„ S Af2(M) is a positive definite matrix. Set D = Aac— 6^ > 0, as 

above. Given a positive integer / > 2, consider the function B : iJ(M) -^ C defined by 



stronger assumption that S — 



B{h) 



/i2(/i)'det(J(/i,/))-'e-2"MS/i(/)) iih^H+{ 
if/i^iJ+( 



(118) 



where / 



Note that the function B only depends on the choice of S and I. Recall the character 



9 of C/(R) defined in (fT^ . It depends on the choice of additive character -0, and throughout we choose 
iIj{x) — e"^'^'^. Then the function B satisfies 



and 



B{tuh) = 9{u)B{h) for h e H(R), t e T{M.), u e [/(M), 
S(/ifc) = det( J(fc, I)yB{h) for /i e H{R), k e iC^. 



(119) 
(120) 
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Property ()119p means that B satisfies the Bessel transformation property with the character A (g) 6' of . 
where A is trivial In fact, by the considerations in [28] 1-3, B is the lowest weight vector in a holomorphic 
discrete series representation of PGSp(4, M) corresponding to Siegel modular forms of degree 2 and weight I. 
By (I119P and (|120p . the function B is determined by its values on a set of representatives for R(R)\H{R)/K^. 
Such a set is given in pi7p . 



4.3 The function W* 

Let (t, VV) be a generic, irreducible, admissible representation of GL2(K) with central character uJt- We 
assume that Vr = W(t, -0-0) is the Whittaker model of r with respect to the non-trivial additive character 
X H^ iIj{—cx). Note that S positive definite implies c > 0. Let VF*^"-' G Vr have weight li. Then VF^^-' has the 
following properties. 



i) 
ii) 



W^"\gr{e)) = e'^'^W^"\g) for g E GL2(R), r{e) = 



cos{9) sm{9) 
- sin(6l) cos(e') 



e S0(2). 



p^(o)( 



Ix 
1 



g) = iJj{-cx)W'-°\g) for g G GL2(R), x e 



Let xo be the character of C^ with the properties 

Xo^x^^r, Xo(C)=r'^ forCeCMCI^l. (121) 

Such a character exists since u)r{—l) = (—1)'^. We extend VF^^-' to a function on Al'^^'>{R) via 

W^^^HCs) = Xo(C)W^'"H3), CeC^,geGL2(M) (122) 

(see Lemma ETTT]) . Then it is easy to check that 

W'^°\gk) = det{J{kJ))-^'W'^"\g) for g E M^'^\m) and k E M^'^\m) D K^o- (123) 



We will need values of W^^^' evaluated at 
and consider the elements 

R = 

In the universal enveloping algebra U{q) let 



for t ^ {). For this we look at the Lie algebra q — 0[(2, 



01 


L- 


00 


H - 


1 


z - 


10 


uu 




lU 




0-1 




01 



A = -{H^ + 2RL + 2LR). 



(124) 



Then A lies in the center of U{q) and acts on V^ by a scalar, which we write in the form ~{j + (§)^) with 
r E C In particular, 

AH'(o)^_(^l + (^0')^(o). (125) 



If one restricts the function H/f"' to 



t-l/2 



, t > 0, then (|125p reduces to the differential equation 



satisfied by the classical Whittaker functions. Hence, there exist constants a^ ,a e C such that 

a+LJr{{'i-KctY'^)Wi^_ „ (47rci) if t > 0, 

2 ' 2 

a-cj^((-47rci)i/2)VF_£^ ^{-AiTct) if t < 0. 



W^(o)( 



t 
01 



(126) 
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Here, W.ij^ w denotes a classical Whittaker function; see [H p. 244], J/7,. Let x be the character of C^ 
given by 

x(C)=Xo(C)-^ (127) 

We interpret x as a character of M(^)(M); see ©■ Given a complex number s, we define a function M^*( • , s) : 
-> C as follows. Given g G G(IR), write g = mivnink according to (|107p . Then set 



VF#(5,s)=(5p+^/^(mim2)det(J(fc,/))-'ix("^i)W^(°)(m2). 



Property p23p shows that this is well-defined. Explicitly, for C G C^ and 



7 (5 



eAf(2 



W#( 



C" 





" 


a 


a 


7 


<5 



,s) = ||CrA^-i|3(^+^/^)x(C)M^^°n 



a/3 
7 (5 



Here [i — ab — ji^. It is clear that W^*( • , s) satisfies 

W*{gk,s,)=A&l{J{k,I)Y^^W*{g,s) for g e G(M), k ^ K^ 
By Lemma r2.3.1[ we have 



W*{^tuh, s) = Q{uY^W*{^h, s) 



for ie T(R), MG t/(M), /iG 



and 



1 








a 


1 










1 


—a 
1 



b + Vd 2 , 

a = , a = — 4ac. 

2c 



(128) 



(129) 



(130) 
(131) 



4.4 The local archimedean integral 

Let B and W^ be as defined in Sections 14.21 and 14.31 By ()119p and (113ip , it makes sense to consider the 
integral 

Zoo(s) = f W*{r]h,s)B{h)dh. (132) 

R{R)\H(R) 



Our goal in the following is to evaluate this integral. It follows from p20p and p30p that this integral is zero 
if li ^ I. We shall therefore assume that li = I. Then the function W^ {rjh, s)B{h) is right invariant under 
K^. From the disjoint double coset decomposition (1117p and the fact that ^^{rih, s)B{h) is right invariant 
under K^, we obtain 



Zooi-S) = TT 



W* 





Xto 


'C 




V 


_j 




\c' 1 












[ cJJ 



B 



Aio 






c. 





)(C-r')A-*dCrfA; 



(133) 



see [5] (4.6) for the relevant integration formulas. The above calculations are valid for any choice of a, 6, c 



as long as S* = 



a 6/2 
6/2 c 



is positive definite. To compute ()133p . we will fix Z? = 4ac — 5^ and make 
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special choices for a,b,c. First assume that D = (mod 4). In this case let S{—D) 
1 



1 



V 



-D 



1 



1 



2 

1 



and we can choose tn ~ 



2i/2i:)-i/4 



2-l/2£)l/4 



From ()118p we have 



Then 



B 



Xto 


'C 
. C"\ 




c. 





^,g_2.ADV2c!^ ifA>0, 

if A < 0. 



Next we rewrite the argument of IV^ as an element of MNKoo, 



Xto 


'C 






^0 


c 




cj. 



D-i 



.(c!^)- 



Di 



Di 



i(^±fry 



D-i 



1 


-^e 













1 








fco 






1 







fco 






-^e 


1 







where fco e SU(2) = {g G SL2(C) : *.gg = h}- Hence, using (jT^ and P^ . we get 



W^#(r; 



Aio 


'c 






^0-^ 


'r^ " 




[ cJJ 



AD^^ 



_i.c' + r%-i 3(^+5) 



c^,(A)-iT4^(°)( 



Ai^^(^!^)0 



Let g e C be such that w^(j/) == y' for y > 0. It follows from P^ . P^ and P^ that 



(134) 



(135) 



Zoo(s)=a+7rZ?-¥-f+i(47r)J / /A3^+i+'-^( 



a2 , A-2. _3s-3+a , C'^+t- 



1 



6-2-^^'''^^^ (C - C"')A-^ dC dA. 



(136) 



Substituting u^ {(^ + C"^)/2 we get 



Zoo(s) = a+^Z?-¥-t+f(47r)* / / A^^-i+'-^^-^.-f+f ^^^^(4^;^^i/2^)g-2.AZ5V2„ dA ^^_ 



1 



We will first compute the integral with respect to A. For a fixed u substitute x = AirXD^/^u to get 



^oo(s) = a+7rZ3-='-^-^+5(47r)^3s+i-i+9 / ^-6s~i+q / ^r^ ^(^^^e'^ x^'~^+^'i — du. 



_q dX 

X 
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Using the integral formula for the Whittaker function from [T71 p. 316], we get 

Zoc{s) =a+TTD -^^ 2 + 2 (47r) ■^''+2 '+9^ 2 2/ v 2 



r(3s + ^-i-f) 



a+TTD 



2 2 2^ 
_3s-i+f (47r)-^-+i-'+^ r(3,s + /-l + f-f)r(3. + ^-l-H:-f) 



-6s- 



'+^dt 



6s + l-q-l 



r(3s-Li-i-2^ 






= — ttD^-'^^s+s (47r) 



-3s^ 



-;+, r(3. + ^-i 



2 2 2^ 
f-§)r(3. + ;-i-f-f) 



r(3s + ^±i^) 



(137) 



Here, for the calculation of the u-integral, we have assumed that Re(6s + I — q) > 0. — Now assume that 
D = 3 (mod 4). In this case we choose 



S{-D) = 



l + D 1 
4 2 

i 1 



1 



1 



Let r(M), i?(R), 77, B be the objects defined with this 

the corresponding objects defined with ;■ 

[0/2 c 



a 6/2 
6/2 c 



1 



Let 



1 

^1 



1+_D j_ 

i 1 
2 ^ 



and let f{I 



fi, B be 



1 



1 ^ 



Then 



ri(R) = /iof'i(R)/i^\ r(R) = /iof'(R)/i-\ i?(R) = /lo 



Furthermore, ry — fih^ . The integral p32p becomes 



Zoo(s)= / W*{rjh,s)B{h)dh 

W*{i]h-^h, s)B{hoh^^h) dh 

hoR(R)h-'\H{R) 

W*{iih^^hho, s)B{hoh^^hho) dh 

hoR{R)hg\H(R) 

W*{fih,s)B{hoh)dh 

\_f/(R) 

W*{r'jh,s)B{h)dh. 



This integral can be computed just like the one in the case D = mod 4, and we get the exactly same 
answer as in ()137p . 



4.4.1 Theorem. Let I and D be positive integers such that D = 0,3 mod 4. Let S{—D) = 



D/A 



if 



D = mod 4 and S{-D) = 



(l + L>)/4 1/2 
1/2 1 



if D = 3 mod 4. Let B : GSp4(R) ^ C be tlic function 
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defined in f77^) . and let W*{-,s) be the function defined in Ijn&j) . Tlien, for Re(6s + l-q)>0, 
Zoo(s) := / W*{r]h,s)B{h)dh 

a+ ,,'+.,, ,,+ 3 ,, r(3s + /-l + f -|)r(3s + /-l-f -|) ^ ^ 



r(3s 



2 



Here, q E C is related to the central character ofr via uJr{y) — y'^ for y > 0. The number r e C is such that 
(fT25l) holds. 

We will state two special cases of formula (|138l) . First assume that r = xi x X2, an irreducible principal series 
representation of GL(2,R), where xi and X2 are characters of M^. Let Si £ {0, 1} and s^ G C be such that 
Xi{x) = sgn(a;)^'|x|*', for i — 1,2. Then A acts on t by multiplication with —j{l — (si — 52)^)- Comparing 
with (|125p . we get (si — §2)^ = — r^, so that ir = ±(si — 52)- Furthermore, q = si + S2. Therefore, 

a"*" •,„ ; I £i+£2 , , ci„ I 3 , , „ I „ r(3s + 1 — 1 — 8-1 )r(3s + I — I — S2) 

°ov ; 2 ^ ^ r(3.s+ '+i-|i-'^^ ) ^ ^ 

Now assume that li is a positive integer, that q G C, and that r = 'Dq{li), the discrete series (or limit of 
discrete series) representation of GL(2,M) with a lowest weight vector of weight h for which the central 

acts by multiplication with q. Then ir = ±(/i — 1), so that, from ()138|) . 



element Z = 



1 



a 



_3.-i+| . . ._3.+|-;+, r(3. + ^-i + V-f)r(3,s + /-i-Ai 



ii-i 



Zfs) = —nD-"'-i+i (47r)-^'*+t-'+'? 1^1__ ^ 2 2/- .--- ■ : 2 2^^ (^4q) 

5 Modular Forms 

Let A be the ring of adeles of Q. In this section we will consider a cuspidal, automorphic representation 
TT of GSp4(A), obtained from a Siegel cusp form, and a cuspidal, automorphic representation r of GL2(A), 
obtained from a Maafi form. We want to obtain an integral formula for the L-function L{s,tt x t). We will 
use the local calculations from the previous two sections to achieve this. 

Given a quadratic field extension L/Q, we define the groups G = GU{2,2), H — GSp4, P — MN and 
R = TU as in Sect. I2.1l and l2.21 but now considered as algebraic groups over Q. 

5.1 Siegel modular forms and Bessel models 

Let r2 — Sp4(Z). For a positive integer I denote by S';(r2) the space of Siegel cusp forms of degree 2 and 
weight I with respect to r2. If <& G S'((r2) then <i> satisfies 

$(7(Z)) = det(J(7, Z))'$(Z), 7 G r2, Z G f)2. 

Let us assume that $ G S';(r2) is a Hecke eigenform. It has a Fourier expansion 

$(Z) = ^a(5,$)e2''**'(^^), 

where S runs through all symmetric semi-integral positive definite matrices of size two. Let us make the 
following two assumptions about the function $. 



Assumption 1: 0(5*, $) 7^ for some S = 



a b/2 
6/2 c 
discriminant of the imaginary quadratic field Q{\/—D) 



35 



such that b^ — 4ac = —D < where —D is the 



Assumption 2: The weight I is a multiple of w{—D), the number of roots of unity in 



^^^). We have 



4 if £> = 4, 
6 if L» = 3, 
2 otherwise. 



Let us define a function 



where 7 G iJ( 



^$ on ff(A) = GSp4(A) by 

i 



(141) 



. Note that 6 is invariant under the center 



hao e H+{R), fco e n H{Zp). Here / 

p<oo 

Zh{^) of H{A). It can be shown (see [1, p. 186]) that the fmiction 0$ is a cuspidal automorphic form. Let 
V$ be the automorphic representation generated by (/)$. This representation may not be irreducible, but 
decomposes into a direct sum of finitely many irreducible, cuspidal, automorphic representations of H{A). 
Let 7r$ be one of these irreducible components, and write 7r$ as a restricted tensor product 7r<[, = ^pTTp, 
where tt^ is an irreducible, admissible, unitarizable representation of H(Qp). Since 0$ is iJ(Zp)-invariant 
for all finite primes p, the representation iTp has a non-zero, essentially unique 7J(Zp)-invariant vector. The 
same calculations as in [T] show that the equivalence class of iTp depends only on $ and not on the chosen 
global irreducible component 7r$. 



Let V' = n V'p be a character of 

p 
for X e K. Let 



which is unramified at every finite prime and such that ipoc (x) = e 



S{^D) 





"fo" 

1 






" 1 + D 1 " 
4 2 


. 


1 
2 


1 



i{D = (mod 4), 



(142) 



Our quadratic extension is L - 
Q{\/—D), i.e., a character of 



ifD = 3 (mod 4). 
J{^/^D). We have T{Q) ~ Q{^/^D)'^ . Let A be an ideal class character of 
T(A)/r(Q)r(M) H (T{Qp) n GL2(Zp)), 



p<oo 



to be chosen below. We define the global Bessel function of type (A, 6) associated to (j) by 

Bdh)^ f (K®6){r)-^(rh)dr, 



(143) 



ZHWBm\RW 



where 



IX 
1 



t]-){tv{S{—D)X)) and (pih) = 4>{h). For a finite prime p, the function Bp{hp) :— Bi{hp), 



with hp Cz H 



I, is in the Bessel model for TTp with respect to the character Ap (g) 9p of R{Qp). The 
uniqueness of the Bessel model for GSp4 (see [H]) gives us 



B^{h) = B^{h^) n Bp{hp), 



p<oo 



where h = ®hp. From [28! (1-17), (1-19), (1-26)], we have, for h^o £ H+{ 



h{-D) 



Bij,{hoo) = \^i2{hoc)\'det{J{hoo,I)y 



./ -27ritr(S(- 



D)H^W) J2 Ait,)-^^iS-W), 



(144) 



(145) 



i=i 



and Bj{hoo) = for /iqo ^ H^(R). Here, h{—D) is the class number of Q(\/— D), the elements <j, 
j = 1, . . . , h(—D), are representatives of the idele classes of Q{\/—D) and Sj, j = 1, • • • , h{—D), are the rep- 
resentatives of SL2(Z) equivalent classes of primitive semi- integral positive definite matrices of discriminant 
—D corresponding to tj. Thus, by Assumption 1, there exists a A such that Bi{l4) ^ 0. We fix such a A. 

hi-D) 

Note that B^{hoo) is a non-zero constant multiple of piSp . Let us abbreviate a(A) — ^ K{tj)a{Sj, $). 
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5.2 MaaB forms and Eisenstein series 



Let f)i = {z — X + iy G C : y > 0} he the complex upper half plane. Fix a square- free integer N. Let 
ro(A^) = { , G SL2(Z) : N\c}. A smooth function / ; ()i ^ C is called a Maafi cusp form of weight li 
with respect to ro(A^) if 



i) For every 



a b 
c d 



e ro(A^) and z e (ji we have 

6n 



/(^) -' (■ 



+ d \'i 



cz + (i| 



/W- 



ii) / is an eigenfunction of Ai-^ , where 



^ \ dx^ dy"^ J dx 



iii) / vanishes at the cusps of ro(A^). 



Denote the space of MaaB cusp forms of weight li with respect to ro(A^) by S*; {N). A function / e 5f (A^) 



has the Fourier expansion 



f{x + iy) = Y^ a™ W-^g„(„)i^^^ (47r|n|y)e 



2'Kinx 



(146) 



n^O 



where Wi/_^i is a classical Whittaker function (the same function as in (|126p ) and (A;^ + A)/ = with 
A = l/4+'(r/2)2. Let / € Sf'^ {N) be a Hecke eigenform. 

If ir/2 = {I2 — l)/2 for some integer I2 > 0, then the cuspidal, automorphic representation of GL2(A) con- 
structed below is holomorphic at infinity of lowest weight ^2- In this case we make the additional assumptions 
that I2 < I and I2 ^ h, where I is the weight of the Siegel cusp form <f> from the previous section. 

Starting from /, we obtain another Maafi form /; e Sj^'^ (N) by applying the raising and lowering operators. 
The raising operator i?* maps S^{N) to S^2W and the lowering operator L^ maps Sf{N) to S^L2{N); 
for more details on these operators, see [531 P- 3925]. In particular, we have 



Ri-2Ri-i- ■ ■ Rh+2Rhf iih < I, 
Li+2Li+i- ■ ■ Li-^^2Li^f illi>l. 



(147) 



Note that, by Assumption 2 on the Siegel cusp form $, the weight I is always even. Also, S^^ (N) is empty if 
li is odd. Hence, (|147p makes sense. If ir/2 — {I2 — l)/2, then the assumption I2 < I guarantees that fi ^ 0. 
Suppose {c(n)} are the Fourier coefficients of /;. In later calculations we will need c(l). By [23l Lemma 2.5], 



ai 



c(l) 



TT- fir 1 t\ fir 1 t\ 

n (t+2-2)U-2 + 2)«^ 



if /i < I, 
if h > I- 



(148) 



t=l+2 
t=l (mod 2) 



Define a function / on GL2(A) by 



^"^^°"^'") = (rt^) '^'(irl)' 



(149) 
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where 70 G GL2 

GL2(Qp)n 



e GLJ(M), fco e n K'^^\p) n GL2(Zp). Here, iov p\N we have K'^^Hp) 

p\N p\N 



Zp £ip 



P 1+P 



a/3' 
7 (5 



with p = pLp , as in ((32|) . Then / satisfies 
/VW) = e''V'(ff), 9 e GL2(A), r(0) - 



cos(6l) sin(6') 
- sin(6') cos(6') 



(150) 



Let (tj, V/) be the cuspidal, automorphic representation of GL2(A) generated by /. By strong muhiphcity 
one, Tf is irreducible. Note that r/ has trivial central character. Write Tf as a restricted tensor product 
Tf = ®'Tp. If p I A^ is a finite prime, then Tp is an irreducible, admissible, unramified representation of 
GL2(Qp). li p\N, then Tp is an irreducible, admissible representation of GL2(Qp) with conductor p = pZp. 
Since r has trivial central character, Tp is a twisted Steinberg representation given by Tp = f2pStGL2(Q ); 
where fip is an unramified, quadratic character of 1 



W(«)(5) := / /( 



Let 

\x 
1 



g)ip{x)dx, 



where ip is the additive character fixed in the previous section. Then W^^' is in the Whittaker model of tj 
with respect to the character ^~-^ . By (|150p . 



W'^°\gr{e)) ^ e'^'^W'-°Hg), g G GL2(A), r{e) = 



cos(6l) sin(6l) 
— sin(0) cos(6') 



(151) 



For any finite prime p, the function Wp{gp) := W'^^^gp), for gp e GL2(Qp), is in the Whittaker model of Tp. 
By the uniqueness of Whittaker models for GL2, we get 

l^(0)(5) = W^(0)(g^) l[Wp{gp) 



p<oo 



for g = (^gp. Using the definition (|149p for / we get, for t G 



W^(o)( 



c(l)M/i,H:(47ri) 



if t > 0, 



c(-l)T4^_i^(-47rt) ifi<0. 



(152) 



We want to extend / to a function on GU(1, 1; i)(A). For this, we need to construct a suitable character xo 

onL''\Al. 

5.2.1 Lemma. Let S be a divisible group, i.e., a group with the property that S — {s" : s & S} for all 
positive integers n. Let A and B be abelian groups, and assume that B is Unite. Then every exact sequence 



1 



S 



A 



B 



1 



splits. 



Proof. Write B as a product of cyclic groups (bi). Ghoose pre-images a^ of bi in A. Modifying Ui by 
suitable elements of S, we may assume that Oj has the same order as bi. Then the group generated by all a^ 
is isomorphic to i?. ■ 

5.2.2 Lemma. Let L — Q{\/—D) with D > be an imaginary quadratic number held. Let A^ be the 
group of ideles of L. Let Kf be the subgroup given by Hixoo "l v ^^e^e ^ ^uns over all finite places of L, 
and Ol.v is the ring of integers in the completion of L at v. The archimedeam component of A^ is isomorphic 
to C^ — M>o X S^, where S^ is the unit circle. Let / e Z be a multiple ofw{-'D), the number of roots of 
unity in L. Then there exists a character xo of A^ with the properties 
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i) xo JS trivial on A^KfL^ ; and 
ii) XoiC) ^ C' for all C e S\ 

Proof. First note that A^KfL^ = RyoKfL^ . There is an exact sequence 

1 — > W\S^ — > R>aKfL''\Al — > C''KfL''\Al — > 1, 
where W is the group of roots of unity in L. The group on the right is the ideal class group of L. By Lemma 

EZH 

By hypothesis, the map S^ 3 C ^^ C^ factors through W\S^. The assertion follows. ■ 

Let Xo be a character of A^ as in Lemma 15.2.21 (observe our Assumption 2 above). We extend / to 
GU(1,1;L)(A) by 

/(C.9) = XoiOfig) for C e A^, 5 e GL2(A). (153) 

Since I is even, this is well-defined; see (jllOp and p50p . Let x be the character of L^\A^ given by x(C) = 
A(C)"^Xo(C)"^- Let K*{N) be the compact subgroup K*{^) J] K*{^°) of GU(2, 2; i)(A), where 

p\N p\N 

ir'^(*P") is as defined in (|35p . For a complex variable s, let us define a function /a( ■ , s) on GU(2, 2; L){A) 

by 

i) /a (.9, s) = if .9 ^ M{A)N{A)K^K*{N). 
n) If m = TOim2, m^ G M(*)(A), n e N{A), k = knkac, fco G K^i^), ^oo G -?foo, then 

fA{mnk,s) = 4^'(m)x(TOi)/(m2)det(J(fcoo, /))"'. (154) 

Recall from (fTU)) that 5p{mim2) — \N i^ iqlrrii) ^i{m2)~^\^ ■ 

Here, M(i)(A), M(2)(A), iV(A) are the adelic points of the algebraic groups defined by ^, ^ and ([8]). 
The groups i^^(^) are as defined in ([55]) . and i^oo is as defined in Sect. 14.11 In fact, /a is a section in the 
representation /(s, x, xo, t) of GU(2, 2; L){A) obtained by parabolic induction from P; see Sect. 12.31 

Let us define the Eisenstein series on GU(2, 2; L){A) by 

Ek{9,s)^ J2 /a(75,s). (155) 

7eP(Q)\G(Q) 

This series is absolutely convergent for Re(s) > 1/2, uniformly convergent in compact subdomains and has 
a meromorphic continuation to the whole complex plane; see [16) . 

Remark: Note that our definition p54p differs from the formula for /a given on p. 209 of 0. In fact, 
the function /a in [S] is not well-defined, since there is a non-trivial overlap between Af(^)(M) and Koo- It 
is necessary to extend the function / to GU(1, 1;L)(A) using the character xo as in (|153p . not the trivial 
character. 

5.3 Global integral and L-functions 

Let (j) be as in (|14ip . Let /a( ■ , s) and E\{- ,s) be as in the previous section. We shall evaluate the global 
integral 

Z{s,A)^ I EA{h,s)^{h)dh. (156) 

Zh(A)H(Q}\H{A) 
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In Theorem 2.4 of ^, the following basic identity has been proved. 

Z(s,A)= f WA{7jh,s)B^{h)dh, 

R{A)\H{A) 



(157) 



where 



WA{g,s)= /'/a( 



1 









a 


1 










1 


—a 









1 



g,s)^p{x)dx, 



-D 



(158) 



a 



and Bi is as defined in (|143p . Note that the value of b above depends on the choice of S{—D) in (|142p . For 
the choice of f\ in the previous section, we get 

WA{g,s)^Wooigoo,s) Y[ Wp{gp,s), 



p<oo 



where Wr, is the function W^ defined in Sect. 



function W^ from (|128p . Note that, in this case, the values of i 
a^ = c(— 1). From the basic identity p57p we therefore have 

Zp{s) 



For goo € G(K), the function Wooigocs) is exactly the 



Z{s,A)^ II Zpis) 

/;<oo 



in (|126p are given by a"*" = c(l) and 



Wp{r]hp, s)Bp{hp)dhp. 



R{Qp)\H{' 



Here, Boo is the function given in p45p . If p is a finite prime such that p\ N, then all the local data satisfies 
the hypothesis of Theorem 3.7 from [9J, where the corresponding local integral is computed. For p\N, we 
apply Theorem 13.9.11 and for the archimedean integral we apply Theorem 14.4.11 We obtain the following 
integral representation. 

5.3.1 Theorem. Let <& £ Si{T2) be a cuspidal Siegel eigenform of degree 2 and even weight I satisfying the 
two assumptions from Sect. 1 5.11 Let L = Q{\/—D), where D is as in Assumption 1. Let N be a square-free, 
positive integer. Let f be a MaaB Hecke eigenform of weight h G Z with respect to ro(iV). If f hes in a 
holomorphic discrete series with lowest weight I2, then assume that I2 l£ I- Then the integral il5b]) is given 

by 

L{3s + ^, 7r$ X Tf) 



Z{s,A) = KooKn 



where 



-a{A)c{l)'KD' 



-3s- 



(47r 



C(6s + l)L(3s + 1, r/ X Ar(A)) ' 
,-3.+|-; r(3,s + /-l + f)r(3,s- 



(159) 



1-f) 



KN 



n 

p\N 



P{P - 1) 



ip+l)ip^- 



r(3s 



i+i- 
2 . 



'Ln 



Here, the non-zero constant c(l) is given by il47\) . the non-zero constant a(A) is defined at the end of Sect. 
5.1[ and 

J ( \ if p is inert in L , 

I — ) = ^ if p ramifies in L, 



if p splits in L. 



The quantity ^ is as in i|i46'|) . 
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5.4 The special value 



In this section, we will apply Theorem 15.3.11 to a special case - when /, from the previous section, is a 
holomorphic cusp form of the same weight I as the Siegel cusp form $ - to obtain a special L- value result. 
This result fits into the general conjecture of Deligne on special values of L-functions. 

Let ^(z) = J2 hnC^'^™^' be a holomorphic cuspidal eigenform of weight I with respect to ro(iV). Here, I is 

the same as the weight of the Siegel modular form $ from Sect. 15.11 and A^ is a square-free, positive integer. 
Let us normalize ^ so that 6i = 1. The function /^ defined by f^{z) = ?;'/^^(z) is a Maafi form in Sl^{N). 
Let {c{n)} be its Fourier coefficients; see p46p . It follows from the formula VF^+i/2,;i(z) = e~^^'^z'^'^^^'^ for 
the Whittaker function that 

_ / 6„(47rn)-'/2 if n > 0, 



c{n) = 







if n < 0. 



(160) 



From p49p . we have 



7^ + 5 \-' fai + f3\ det{my/^ fai + (3 



/*(7o-fco) = (^^) h{^) 



{ji + sy V 7? 






where 70 G GL2 
Z = 



a(3 
7 5 



e GL+(R), fco e n K'^^Hp) n GL2(Zp). Let us denote Z22 by Z* for 

p\N p\N 



* Z22 



G H2. Let us set Z = ^{^Z — Z) for Z e EII2. Let Im(z) denote the imaginary part of a complex 

i 



number z. Let /a be as defined in (I154p and / 
5.4.1 Lemma. For g e G+(M), we have 

/A(ff,s) = /^2(5)'det(J(5,/)) 



eH2. 






(161) 



Proof. For g e G+(R) and Z € H2 we have g{Z) = ^2(5)^(5,^) ZJ{g,Z)-^. This implies that 
det(5(/)) = /i2(5)^|det(J(g,/))|-2det(/) = ^2(9)^! det(J(g,/))|~2. It follows from (fTOS]) that we can write 
the element g € G'"'"(M) as 

c 











1 X 


xy + w 


V 


a 


M 


/3 




1 


y 

1 




7 




S 






— X 


1 



where C, G 



a /3 
7 5 



e GLJ(M), a;, y e C, u) e R and k G Xco- Then we have 

det(J(g,/)) -rV(7« + '5)det(J(fc,/)) and (g(/))* = ^^. 

72 + 



Hence, the right hand side of p6ip is equal to 



M'(rV(7* + ^)det(J(fc,/)))" 



i /M^IC"V(7« + S) det(J(fc, /))|-2 X 3S+I-1 /m + /? 



/x|7i + (5|- 






Using the fact that | det( J(fc, /))| ^ = dct(fc(/)) = 1, we get the lemma. 



Remark: Eq. (4.4.2) of 'W claims that, for g G G"'"(IR), the function /a(<7, s) satisfies a formula different 
from (|16ip . In this formula, the term det(Im(5(/))) replaces the term det(g(/)) from (|16ip . Note that 
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Ini(Z) = |(Z — Z) for Z e EII2. One easily checks that the resultmg function is not invariant under N{M.) 
and hence cannot equal /a, as defined in ()154p . If one replaces Eq. (4.4.2) in [9] by (|16ip . the subsequent 
arguments in [S] remain valid. 



Let Ea be the Eisenstein series defined in (|155p . From the above lemma, we see that, for g e G+(M), 
fj.2{g)~' 'iet{J{g, I))' EA{g, s) only depends on Z = g{I)- Hence, we can define a function £a on HI2 by the 
formula 



£a{Z,s) = fi2igr det{J{g,I)y EA{g, 



6 2' 



(162) 



where g £ G^{M.) is such that g{I) = Z. The series that defines £a{Z,s) is absolutely convergent for 
Re(s) > 3 — 1/2 (see [H]). Since I > 12, we can set s = and obtain a holomorphic Eisenstein series 
£a{Z,0) on H2. For a finite place p of Q recall the local congruence subgroups iir#(*P") C G'(Zp) and 
ii:#(p") = i^#(<P") n H{Zp) defined in §5^ resp. ^. We let 

T*iN) = G(Q) n G(R)+i^#(7V), X#(iV) = [] i^#(^) J] i^#(^°), 

p|Af p\N 

and 

r#(]V) = ii"((Q) n H{R)+K*{N), K*{N) = ]^ K*{p) [| i^#(p°). 

pIw pfW 

Since the functions /a and Ea are also invariant under the center, we let 

f*{N) = H{Q) n HiR)+K*{N), K*{N) = l[{ZHiZp)K*ip)) [](Z^(Zp)i<f#(pO)). 

p|JV pfAf 



Explicitly, 

r*{N) = {/i = (/ly) e Sp(4,z) n 



z NZ z z 

z z z z 

NZ NZ Z Z 

NZ NZ NZ Z 



hii = ft,44 mod N, /122 = ^33 mod iV}. 



Then £a{Z, 0) is a modular form of weight / with respect to Vq{N\ Its restriction to \)2 is a modular form 
of weight / with respect to r'^(A^). We see that £a{Z, 0) has a Fourier expansion 



£A{Z,Q) = Y,h{S,£Ay 



,27ritr(5Z) 



5>0 



t2H 



where S runs through all Hermitian half-integral (i.e., S 
semi-definite matrices of size 2. By [T4] . 

6(5,£A)eQ for any 5 



ti,t2 e Z, -J-Dti e Cq(\/=d)) positive 



(163) 



Here Q denotes the algebraic closure of Q in C The relation between the global integral Z(s, A) defined in 
P56p and the Eisenstein series £a is given in the following lemma. 



5.4.2 Lemma. We Lave 



Z(i-_i,A) = Vat 
^6 2' > 2 



fA(^,o)$(z)(dct(r))'-'^dXdr, 



r#(w)\i)2 



wiere VW = H (pa_iWp4_i) and Z ^ X + lY . 

■p\N 
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Proof. By definition, 

Zh{A)H(Q)\H{A) 



Note that the integrand is right invariant under K^K"^ {N) . Since voI{K!^K'^ (N)) — Y[ i :^_iw 4_i-) = ^N^ 
it follows that 

Z„(A)H{(i)\H{A)/KHK#{N) 

Note that 

ZH{A)H{Q)\HiA)/KgK*{N) - Z«(R)f#(iV)\i7(R)+/A'^ = t*{N)\i)2. (164) 

The ff(R)+-invariant measure on ()2 is given by ^det{Y)^^dXdY. From (|14ip and p62p we get, for h e 
^(K)+, 

I 1, 






EA{h, - - -)^*(M = mihY detiJih, /))-' £a(/i(/), 0) /zaW' det( J(/i, /)) $(/i(/)) 



= det(y)'£A(Z,0)$(Z), 
where Z = h{I) — X ^ lY . We get the last equality because, for Z e f)2 and h e if (M)+, 

Im(/i(Z)) = /X2(/i) *J(/i, Z)-i Im(Z) J(/i, Z)"\ 
This completes the proof of the lemma. 

5.4.3 Lemma. With notations as above, we have 

(<i>,<I>)2 ^' 

wiere 



(165) 



($,$)2= /" |$(Z)|2det(y)'-3dXdy. 



r2\t)2 

Proof. Let V'^'^\N) := {.g e Sp4(Z) : g = 1 (mod TV)}. Since T'''^\N) C f#(A^) we know that ^aJjj^ 
is a holomorphic Siegel modular form of weight / with respect to r*^^)(A^). Let us denote the space of all 
holomorphic Siegel modular forms of weight / with respect to r'^^^(7V) by M;(r'^^^(A^)) and its subspace of 
cusp forms by Si{T'''^\N)) . For $i,$2 in Mi{T'''^\N)) with one of the <i>i a cusp form, one can define the 
Petersson inner product (<I'i,$2)Ar in the usual way. Let V be the orthogonal complement of 5;(r(^)(A^)) 
in Mi{T'^'^\N)) with respect to the Petersson inner product. In Corollary 2.4.6 of [14j, it is shown, using 
the Siegel operator, that V is generated by Eisenstein series. By Theorem 3.2.1 of [13], one can choose a 
basis {Ej} such that all the Fourier coefficients of each Ej are algebraic. From [TU^ p. 460], we can find an 
orthogonal basis {$i} of SiiV'^'^^ i^)) such that $ = $i and all the Fourier coefficients of the $i are algebraic. 
Let us write 

^aId. = E"'*'+E/5j-^^- (166) 

Given a F e Mi(r^'^\N)) and a e Aut{C/Q), let F" e Mi(r^'^\N)) be defined by applying the automor- 
phism a to the Fourier coefficients of F. Applying a to (I166P we get 

^Ak, =^a(a.)$.+^a(/3,)ii;,. (167) 

i J 

This follows from the construction of the bases {<J>i}, {Ej} and the property p63p . From (|166p and p67p we 
now get 



($l,$l) / (*1,$1> ($l,$l) 

43 



Now, using Lemma [5.4.21 we get the result. ■ 

"^ e ToiN) : a,rf = 1 



Let (*,*)i = (SL2(Z) : Ti{N))-^ J \^{z)\^y^-^dxdy, where ri(iV) := { 

ri(A')\i)i 
(mod N)}. We have the foUowmg generaUzation of Theorem 4.8.3 of [9]. 



a b 
c d 



5.4.4 Theorem. Let $ be a cuspidal Siegel eigenform of weight I with respect to T2 satisfying the two 
assumptions from Section 15.11 Let ^ be a normahzed, holomorphic, cuspidal eigenform of weight I with 
respect to ro(A^), with N a square-free, positive integer. Then 



L(| - l,7r$ X Tq,) 
Proof. By Theorem 15.3.11 we have 

where 



(168) 



I _ 1 ^^4-2i L(|-l,7r^XT^) 

6 2'^ ^ C(^-2)L(^,T* xy4X(A))' 



C ^ 7^)D-^^h---^i2l - 5)! U ^f^^^H^^ H - (^^)P-)(1 -p-'+^)- e Q; 

observe that f = ■^, and that c(l) = (47r)-'/2 by P^ . It is well known that C(^ - 2)7r2-' e Q. Using 
|27j . by the same argument as in the proof of Theorem 4.8.3 in [S], we get 

LC-^,t^xAI{A)) 

Together with p65p . this implies the theorem. ■ 

We remark that it would be interesting to know the behavior of the quantity si-l/-^ ^w^'^'i under the 
action of Aut(C). This subject will be considered in a future work. 
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